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Abstract
A contact twisted cubic structure (M,C, γ) is a 5-dimensional manifold M together with a contact
distribution C and a bundle of twisted cubics γ ⊂ P(C) compatible with the conformal symplectic form
on C. In Engel’s classical work, the Lie algebra of the exceptional Lie group G2 was realized as the
symmetry algebra of the most symmetrical contact twisted cubic structure; we thus refer to this one as
the contact Engel structure. In the present paper we equip the contact Engel structure with a smooth
section σ :M→ γ, which “marks” a point in each fibre γx. We study the local geometry of the resulting
structures (M, C, γ, σ), which we call marked contact Engel structures. Equivalently, our study can be
viewed as a study of foliations of M by curves whose tangent directions are everywhere contained in
γ. We provide a complete set of local invariants of marked contact Engel structures, we classify all
homogeneous models with symmetry groups of dimension ≥ 6, and we prove an analogue of the classical
Kerr theorem from relativity.
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1 Introduction
Consider a smooth 5-dimensional manifoldM5 together with a contact distribution, i.e., a rank 4 subbundle
C ⊂ TM5 such that the Levi bracket
L : Λ2C → TM5/C, ξx ∧ ηx 7→ [ξ, η]x mod Cx (1.1)
is non-degenerate at each point x ∈ M. Then Lx endows each fibre Cx with the structure of a conformal
symplectic vector space. Locally, C is the kernel of a contact form, i.e., C = ker(α), where α ∈ Ω1(M5)
satisfies dα ∧ dα ∧ α 6= 0, and the conformal symplectic structure on Cx is generated by dα|Cx .
Now suppose that each contact plane Cx is equipped with a cone γˆx ⊂ Cx whose projectivization γx ⊂
P(Cx) is the image of the map
RP
1 → P(Cx) ∼= RP3, [t, s] 7→ [t3, t2s, ts2, s3] ;
such a curve is called a twisted cubic curve (also, rational normal curve of degree three). Moreover, assume
that γˆx is a Lagrangian in the sense that the tangent space at each non-zero point is a 2-dimensional subspace
of Cx on which the conformal symplectic form vanishes identically. Further suppose that γ =
⊔
x∈M5 γx →
M5 is a subbundle of P(C)→M5. Then (M5, C, γ) is called a contact twisted cubic structure.
In 1893 Cartan and Engel, in the same journal but independent articles [11, 15], provided the first explicit
realizations of the Lie algebra of the exceptional Lie group G21 as infinitesimal automorphisms of geometric
structures on 5-dimensional manifolds. One of these structures was the simplest maximally non-integrable
rank two distribution, while the other was the simplest contact twisted cubic structure. (In other words,
Cartan and Engel gave local coordinate descriptions of the geometric structures on the two 5-dimensional
homogeneous spaces G2/P1 and G2/P2 whose automorphism groups are precisely G2.) Engel’s description
of the invariant contact twisted cubic structure was (up to a different choice of coordinates) as follows: Let
(x0, x1, x2, x3, x4) be local coordinates on an open subset U ⊂ R5 and consider co-frame (α0, α1, α2, α3, α4),
α0 = dx0 + x1dx4 − 3x2dx3, α1 = dx1, α2 = dx2, α3 = dx3, α4 = dx4, (1.2)
with dual frame (X0, X1, X2, X3, X4),
X0 = ∂x0 , X1 = ∂x1 , X2 = ∂x2 , X3 = 3x
2∂x0 + ∂x3 , X4 = −x1∂x0 + ∂x4 . (1.3)
Here α0 is a contact form and defines a contact distribution C = ker(α0). Now consider the set of horizontal
null vectors
γˆ = { Y ∈ C : g1(Y, Y ) = g2(Y, Y ) = g3(Y, Y ) = 0 }
of the three degenerate metrics 2
g1 = α
1α3 − (α2)2, g2 = α2α4 − (α3)2, g3 = α2α3 − α1α4, (1.4)
where αiαj = 12 (α
i ⊗ αj + αj ⊗ αi). Then Y ∈ Γ(C) takes values in γˆ if and only if is of the form
Y = t3X1 + t
2sX2 + ts
2X3 + s
3X4.
Hence the projectivization γx ⊂ P(Cx) of γˆx is a twisted cubic curve, and it is straightforward to verify that
γˆx ⊂ Cx is Lagrangian. We shall call the structure (U , C, γ) the contact Engel structure in view of Engel’s
classical work.3
1In this paper G2 denotes a Lie group whose Lie algebra is the split real form of the smallest of the complex exceptional
simple Lie algebras, see Section 2.3.
2We refer to the tensor fields g1, g2, g3 ∈ Γ(
⊙
2
T ∗U) as metrics, although strictly speaking these are not metrics, since all
three of them are indeed degenerate, and g1 and g2 are even degenerate when restricted to the distribution C.
3Contact Engel structures should not be confused with Engel distributions, sometimes also called Engel structures, which
are maximally non-integrable rank 2 distributions on 4-dimensional manifolds.
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The contact Engel structure is the flat model for contact twisted cubic structures in the following sense.
One can show that a contact twisted cubic structure is the underlying structure of a certain type of Cartan
geometry, more specifically parabolic geometry, see [37, 13]. As such it admits a canonical Cartan connection,
which has in general nonzero curvature. There is a unique, up to a local equivalence, contact twisted cubic
structure whose curvature vanishes identically. This is the one we call the contact Engel structure.
A specialization of contact twisted cubic structures can go independently in other directions. For example,
instead of imposing restrictions on the curvature of a given contact twisted cubic structure, one can restrict
its structure group by adding more structure. The structure group of the corresponding enriched geometry
must preserve this additional structure, and gets reduced. We will explain below that a natural choice for
such a reduction is to add a section
σ :M5 → γ ⊂ P(C)
of the bundle RP1 → γ →M5 of twisted cubics to the geometric structure. Since such a section σ marks
a point ∗ = σ(x) in each twisted cubic γx, x ∈ M5, we refer to the enriched structure (M5, C, γ, σ) as a
marked contact twisted cubic structure. If the underlying contact twisted cubic structure is flat, then the
resulting structure will be called a marked contact Engel structure.
One may think of a marked contact twisted cubic structure as a foliation of a contact twisted cubic
structure by special horizontal curves. Suppose we are given a marked contact twisted cubic structure
(M5, C, γ, σ). For each x ∈ M5, the point σ(x) ∈ γx corresponds to a direction ℓσx in the contact plane Cx.
Therefore, the section σ defines a rank one distribution ℓσ ⊂ TM5 whose integral manifolds define a foliation
of M5 by curves (a congruence). Conversely, a congruence on M5 by curves whose tangent directions are
everywhere contained in γ ⊂ P(C) uniquely determines a section σ : M5 → γ. Since γx ⊂ P(Cx) is cut
out by three polynomials, the congruences corresponding to sections σ : M5 → γ can be also seen as null
congruences.
1.1 Context and motivation
Before we outline the main results of this paper, a few words of motivation are in order:
It follows from the above brief description that the marked contact Engel structures, or their more general
cousins, the marked contact twisted cubic structures, are special contact twisted cubic structures. This places
the area of our present study in the context of special geometries, which are mostly developed in Riemannian
geometry. For example, similarly to the addition of a section σ to a contact twisted cubic structure (M5, C, γ),
one can add an almost Hermitian structure J to an even-dimensional Riemannian manifold (M2n, g). In
this way one passes from the Riemmannian geometry (M2n, g) to the special Riemannian geometry (almost
Hermitian geometry) (M2n, g,J ), as we are passing from (M5, C, γ) to the special geometry (M5, C, γ, σ).
The analogy between our marked contact Engel structures and special geometries is particularly striking
if we replace Riemannian geometry by conformal Lorentzian geometry in 4-dimensions (M4, [g]). These are
the geometries studied in General Relativity, when the related physics is concerned with massless particles
only. Of particular importance in General Relativity are null congruences, i.e. foliations of (M4, [g]) by null
curves. Suppose that we have such a congruence on (M4, [g]). Let K ⊂ TM4 be the null line subbundle such
that any section s : M4 → K be tangent to the congruence. Then we have a special Lorentzian conformal
geometry (M4, [g],K), which we call a null congruence structure. One can study the local equivalence prob-
lem of such geometries, where two null congruence structures (M4i , [gi],Ki), i = 1, 2, are locally equivalent if
and only if there exists a local diffeomorphism φ :M41 →M42 such that φ∗(g2) = f2g1, φ∗(K2) = K1, with
f a non-vanishing function on M41. One very quickly establishes that there are locally non-equivalent null
congruence structures even if both conformal structures are conformally flat. For example, if the curves of
one null congruence are geodesics (this is a conformally invariant property) and the curves of the other one
are not, the two congruences are locally non-equivalent. Even if we have two null congruences such that both
are weaved by geodesics, they are still in general not locally equivalent. The next important conformally
invariant property distinguishing locally non-equivalent structures is shearfreeness [31], see [16, 18, 26, 36, 30]
for more details. So here is our analogy:
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conformal spacetime contact twisted cubic structure
(M4, [g]) (M5, C, γ)
conformally flat spacetime Engel structure
null congruence marked contact twisted cubic
structure (M4, [g],K) structure (M5, C, γ, σ)
conformally flat null marked contact
congruence structure Engel structure
conformally flat null integrable marked contact
congruence structure Engel structure
of geodesics
conformally flat null integrable marked contact
congruence structure Engel structure
of shearfree geodesics
Kerr theorem Kerr theorem for contact
Engel structures
The relevance of the integrability condition on marked contact Engel structure, which appears in the above
Table, will be explained in Section 5. Here we only mention that in our analogy it is related to the celebrated
Kerr theorem of General Relativity, see [29, 35], which gives a construction of all null congruence structures
of shearfree geodesics that can live in conformally flat spacetimes. This theorem is the origin of Penrose’s
twistor theory [28]. The analogy described above shows that it has a well defined interesting counterpart for
marked contact Engel structures.
1.2 Structure and main results of the article
Section 2 introduces the notions of a contact twisted cubic structure, Engel structure, marked contact twisted
cubic structure and marked contact Engel structure. First observations about these structures are presented.
In particular, the so-called “osculating filtration” determined by a marked contact twisted cubic structure is
introduced: This is a filtration of the contact bundle C by distributions
ℓσ ⊂ Dσ ⊂ Hσ ⊂ C,
with respective ranks 1, 2, 3, 4, where Dσ is a Legendrian rank two distribution. It corresponds fibre-wise to
the osculating sequence of the twisted cubic γx ⊂ P(Cx) at a point σ(x). We call a marked contact twisted
cubic structure (respectively the section σ) integrable if the distribution Dσ is integrable.
The core of the present paper is Section 3, where we apply Cartan’s method of equivalence to study
the local equivalence problem of marked contact Engel structures. Throughout this paper, we shall refer to
the set of all vector fields preserving a given marked contact Engel structure as the infinitesimal symmetry
algebra, or simply the symmetry algebra, of the marked contact Engel structure. We shall denote by g the
Lie algebra of the exceptional Lie group G2.4
• We show that there exists a (locally unique) maximally symmetric model for marked contact Engel
structures. Its symmetry algebra is isomorphic to the 9-dimensional parabolic subalgebra p1 of g that
may be realized as the stabilizer of a highest weight line in the 7-dimensional irreducible representation
of g on R3,4 (Theorem 1).
• We provide an explicit construction of a unique coframe (absolute parallelism) on a 9-dimensional
bundle naturally associated with any marked contact Engel structure (Proposition 10). Differentiating
this coframe yields a complete set of local invariants for marked contact Engel structures.
• In particular, we obtain a filtration of differential conditions for marked contact Engel structures, where
the first is the integrability condition described above, and the last is equivalent to flatness, i.e., to
local equivalence with the aforementioned maximally symmetric model (Theorem 1).
4We chose to denote the Lie algebra of the Lie group G2 by g in order to avoid confusion with a certain grading component
that is commonly denoted by g2.
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• We systematically use the filtration of invariant conditions to classify, up to local equivalence, all homo-
geneous marked contact Engel structures whose symmetry algebra is of dimension ≥ 6. Our analysis
shows that there are precisely two locally non-equivalent homogeneous marked contact Engel struc-
tures whose symmetry algebras are 8-dimensional (they are sl(3,R) and su(1, 2)). Moreover, we provide
differential conditions characterizing these sub-maximally symmetric marked contact Engel structures.
We show that there are no homogeneous marked contact Engel structures with 7-dimensional sym-
metry algebra, and that there are precisely two locally non-equivalent homogeneous marked contact
Engel structures with 6-dimensional symmetry algebra (one of them is semisimple and isomorphic to
sl(2,R)⊕ sl(2,R)). We provide examples of locally non-equivalent homogeneous marked contact Engel
structures with 5-dimensional symmetry algebra as well. These results are summarized in Theorem 2,
see also Table 3.7.
Sections 4 and 5 provide geometric interpretations of some of the invariant properties of contact Engel
structures derived in Section 3. In particular, the central notion of integrability will be revisited.
In Section 5 we prove an analogue of the Kerr Theorem (Theorem 3), which provides a construction
method of all integrable marked contact Engel structures. We subsequently recast the result in terms of the
double filtration for the exceptional Lie group G2:
G2/P1,2
π2
yytt
tt
tt
tt
t
π1
%%
❑❑
❑❑
❑❑
❑❑
❑❑
G2/P2 G2/P1 .
(1.5)
Here P1 and P2 are the 9-dimensional parabolic subgroups ofG2 and P1,2 = P1∩P2 is the 8-dimensional Borel
subgroup of G2. The contact Engel structure is a local coordinate description of the G2-invariant structure
on the 5-dimensional space G2/P2. The total space of the RP1-bundle γ → G2/P2 can be identified with
the 6-dimensional homogeneous space G2/P1,2. Marked contact Engel structures can be identified with local
sections σ of the first leg in the double fibration,
G2/P2 ⊃ U σ−→ σ(U) ⊂ G2/P1,2.
The image of such a section defines a hypersurface in G2/P1,2, which descends to a hypersurface in the
second 5-dimensional homogeneous space G2/P1 if and only if σ is integrable. This yields a local one-to-one
correspondence between integrable sections and generic hypersurfaces in G2/P1 (Corollary 1 of Theorem 3).
The correspondence is then used to describe the maximal and submaximal marked contact Engel structures;
these correspond to the simplest hypersurfaces in G2/P1, namely, identifying G2/P1 with the projectivized
null cone in R3,4, they correspond to intersections of the null cone with hyperplanes in R3,4.
Section 6 provides a first analysis of general marked contact twisted cubic structures. Following the
general framework due to Tanaka, see [37, 23, 39], they are viewed as particular types of filtered G0-structures
in this section. We compute the (algebraic) Tanaka prolongation associated with these structures, which
implies the existence of a canonical coframe on a 9-dimensional bundle associated with any marked contact
twisted cubic structure in a natural manner. Finally, we investigate the question whether a normalization
condition in the sense of [12] can be found. We prove that this is not the case, and thereby provide an
example of a structure where such a normalization condition does not exist.
1.3 Conventions and Notation
Throughout the paper all of our objects are smooth, all of our considerations are local and it follows from
the context which neighbourhoods are taken into account.
We use the notations
E1E2 . . . Ek = E1 ⊙ E2 ⊙ · · · ⊙ Ek = 1
k!
∑
σ∈Sk
(Eσ1 ⊗ Eσ2 ⊗ · · · ⊗ Eσk), (1.6)
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where Sk is the symmetric group of degree k, for the symmetrized tensor product.
For a general coframe (ωi) we write Fωi for the derivatives with respect to the coframe, i.e., dF =∑
i Fωiω
i. If we consider a coordinate coframe (dxi), we simply write Fxi .
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2 Marked contact twisted cubic structures
Marked contact twisted cubic structures are 5-dimensional contact structures equipped with additional ge-
ometric structures, and we shall introduce these additional geometric structures in the following section.
We shall start with purely pointwise considerations, that is, facts about Legendrian twisted cubics in a
conformal symplectic vector space in Section 2.1. Then we will define and discuss general contact twisted
cubic structures and marked contact twisted cubic structures on 5-dimensional manifolds in Section 2.2. We
shall introduce the notion of an integrable marked contact twisted cubic structure. Finally, we will focus on
marked contact twisted cubic structures whose underlying contact twisted cubic structure is flat, which we
call marked contact Engel structures, in Section 2.3.
2.1 Preliminaries on Legendrian twisted cubics
We shall first collect some algebraic background. References are e.g. [17, 10].
The twisted cubic (rational normal curve of degree three) γ ⊂ RP3 is the image of the Veronese map
RP
1 = P(R2)→ P(⊙3R2) = RP3, [w] 7→ [w ⊙ w ⊙ w]. (2.1)
In coordinates with respect to bases (e1, e2) of R2 and (E1 = e1 ⊙ e1 ⊙ e1, E2 = 3e1 ⊙ e1 ⊙ e2, E3 =
3e1 ⊙ e2 ⊙ e2, E4 = e2 ⊙ e2 ⊙ e2) of
⊙3
R
2 it is of the form
γ = [s3, s2t, st2, t3].
Denoting by (E1, E2, E3, E4) the dual basis, the twisted cubic is also given by the zero set of the three
quadratic forms
g1 = E
1E3 − (E2)2, g2 = E2E4 − (E3)2, g3 = E2E3 − E1E4. (2.2)
With respect to the introduced bases, the irreducible representation
ρ : GL(2,R)→ End(R4), R4 =⊙3R2, (2.3)
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is of the form (
α β
ρ δ
)
7→


α3 3α2β 3αβ2 β3
α2ρ α2δ + 2αβρ 2αβδ + β2ρ β2δ
αρ2 2αδρ+ βρ2 αδ2 + 2βδρ βδ2
ρ3 3δρ2 3δ2ρ δ3

 . (2.4)
The tangent map at the identity of (2.3) defines the irreducible Lie algebra representation
ρ′ = Teρ : gl(2,R)→ End(R4).
One can check the following.
Proposition 1. The subalgebra of End(R4) preserving γ ⊂ P(R4) is precisely ρ′ (gl(2,R)).
The decomposition
∧2
(
⊙3
R
2) ∼=⊙4R2⊕R shows that there is a unique (up to scalars) skew-symmetric
bilinear form on
⊙3
R
2 preserved by the GL(2,R)-action up to scalars. Explicitly, it is given by
ω = E1 ∧E4 − 3E2 ∧ E3. (2.5)
In order to characterize the GL(2,R)-invariant conformal class of the symplectic form (2.5) in terms of the
twisted cubic, we shall introduce some more terminology: Let ω be a symplectic form on R4 and let [ω] be
the conformal class of all non-zero multiples of ω. Recall that a maximal subspace W on which a symplectic
form ω (and then any ω′ ∈ [ω]) vanishes identically is called Lagrangian. A twisted cubic γ ⊂ P(R4) is called
Legendrian with respect to [ω], see [10], if the cone
γˆ = {w ⊙ w ⊙ w : w ∈ R2 } ⊂ R4
is Lagrangian, i.e., the tangent space at each point p of γˆ \ {0} is a Lagrangian subspace of TpR4 ∼= R4.
Proposition 2. The conformal symplectic structure [ω] generated by ω = E1 ∧E4− 3E2 ∧E3 is the unique
conformal symplectic structure such that γ = [s3, s2t, st2, t3] is Legendrian with respect to [ω].
Proof. The tangent space to γˆ at a point
pˆ = s3E1 + s
2tE2 + st
2E3 + t
3E4 (2.6)
is spanned by
X = 3s2E1 + 2stE2 + t
2E3 and Y = s
2E2 + 2stE3 + 3t
2E4. (2.7)
Let ω = 12ωijE
i ∧ Ej be a symplectic form, then
ω(X,Y ) = 3s4ω12 + 6s
3tω13 + 3s
2t2(3ω14 + ω23) + 6st
3ω24 + 3t
4ω34.
Hence γ is Legendrian with respect to ω if and only if
ω14 = − 13ω23
and, modulo antisymmetry, the remaining ωij vanish. This determines ω uniquely up to scale.
We now introduce some additional data. Namely, we suppose the twisted cubic is marked, that is, a
point p ∈ γ ⊂ P(R4) is distinguished. The point p corresponds to a line ℓ ⊂ γˆ ⊂ R4. Such a line is of
the form ℓ = Span({l ⊙ l ⊙ l : l ∈ L}) for a unique 1-dimensional subspace L ⊂ R2. Clearly GL(2,R) acts
transitively on γ and we may choose our line ℓ to be spanned by the first basis vector e1 ⊙ e1 ⊙ e1. The
stabilizer subgroup
B := {A ∈ GL(2,R) : ρ(A)(ℓ) ⊂ ℓ} = {A ∈ GL(2,R) : A(L) ⊂ L} (2.8)
is a Borel subgroup B ⊂ GL(2,R); in the presentation (2.4), it is given by those matrices for which γ = 0.
In particular, B preserves a full filtration of R4. This immediately implies:
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Lemma 1. A distinguished point p ∈ γ determines a filtration by subspaces
ℓ ⊂ D ⊂ H ⊂ R4. (2.9)
If γ is Legendrian, then D is a Lagrangian subspace and H is the symplectic orthogonal to ℓ.
In terms of R4 =
⊙3
R
2, D = Span({l⊙l⊙e : l ∈ L, e ∈ R2}), and H = Span({l⊙e⊙f : l ∈ L, e, f ∈ R2}).
Geometrically, D is the de-projectivized tangent line to γ at p and H is the de-projectivized osculating plane
to γ at p. Thus we refer to the above filtration as the osculating sequence at p.
Remark 1. We underline that we need all the three quadratic forms g1, g2, g3 in (2.2) to define a twisted
cubic γ. In fact, the common zero locus in RP3 of any two of the quadric forms belonging to Span(g1, g2, g3)
gives a twisted cubic plus a line (the so called residual intersection, see [17]). In the present paper we are
interested in the case when this line is tangent to the twisted cubic. The point of tangency is the distinguished
point p ∈ γ.
2.2 Definitions and descriptions of (marked) contact twisted cubic structures
We are now in the position to define the central objects of this article.
Definition 1. A contact twisted cubic structure on a 5-dimensional smooth manifold M is a contact
distribution C ⊂ TM together with a sub-bundle γ ⊂ P(C) whose fibre γx at each point x ∈ M is a Legendrian
twisted cubic with respect to the conformal symplectic structure Lx on Cx. An equivalence between contact
twisted cubic structures (M, C, γ) and (M˜, C˜, γ˜) is a diffeomorphism f : M→ M˜ such that f∗(Cx) = C˜f(x)
and f∗(γx) = γ˜f(x) for all x ∈ M. A self equivalence is called an automorphism, or a symmetry.
Definition 2. A marked contact twisted cubic structure is a contact twisted cubic structure equipped with
a smooth section σ of γ →M. An equivalence between marked contact twisted cubic structures (M, C, γ, σ)
and (M˜, C˜, γ˜, σ˜) is an equivalence f between the underlying contact twisted cubic structures (M, C, γ) and
(M˜, C˜, γ˜) such that f∗(σx) = σ˜f(x) for all x ∈ M. A self equivalence is called an automorphism, or a
symmetry.
Throughout this paper we will use various, locally equivalent, viewpoints on (marked) contact twisted
cubic structures, which we shall summarize in Propositions 3 and 4. Yet another important description, in
terms of adapted coframes, shall be given in Section 3.1.
Before stating the Propositions, we recall that the 5-dimensional Heisenberg Lie algebra is the graded
nilpotent Lie algebra m = m−1⊕m−2, where m−1 ∼= R4, m−2 ∼= R, and the only non-trivial component of the
Lie bracket [, ] : Λ2m−1 → m−2 defines a non-degenerate skew-symmetric bilinear form. It then follows from
non-degeneracy of the Levi bracket (1.1) that the associated graded gr(TM) = C ⊕ TM/C of the contact
structure C ⊂ TM equipped with the Levi bracket L is a bundle of graded nilpotent Lie algebras modeled
on the Heisenberg Lie algebra m. It has an associated graded frame bundle F → M with structure group
the grading preserving Lie algebra automorphisms Autgr(m) ∼= CSp(2,R) of m; its fibre Fx, at each point
x ∈M, comprises all graded Lie algebra isomorphisms ϕ : gr(TxM)→ m.
Proposition 3. A contact twisted cubic structure on a 5-dimensional manifold M, locally, admits the
following locally equivalent descriptions:
1. It is given by a contact distribution C ⊂ TM, an auxiliary rank 2 bundle E →M and a vector bundle
isomorphism
Ψ :
⊙3 E → C (2.10)
compatible in the sense that it pulls back the conformal symplectic structure Lx on Cx to the GL(Ex)-
invariant one on
⊙3 Ex for all x ∈ M.
2. It is given by a reduction of the graded frame bundle F → M of a contact structure to the structure
group ρ(GL(2,R)) with respect to an irreducible representation ρ : GL(2,R)→ CSp(2,R).
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3. It is given by a contact distribution C = ker(α) on M and a reduction of the structure group of the
frame bundle of C from GL(4,R) to the irreducible GL(2,R) ⊂ CSp(dα).
We only sketch the proof. Given an isomorphism (2.10), the image of the map
ι : P1 = P(Ex)→ P(
⊙3 Ex) ∼= P(Cx), [λ] 7→ [Ψ(λ⊙ λ⊙ λ)],
is a twisted cubic γx. By the compatibility requirement of the conformal symplectic structures and Propo-
sition 2, the twisted cubic is Legendrian.
Conversely, given a sub-bundle γ ⊂ P(C) of twisted cubics, then in a neighbourhood of each point there
exists a rank 2 bundle E and a vector bundle isomorphism Ψ :⊙3 E ∼= C. The compatibility of the conformal
symplectic structures follows from the fact that the twisted cubic is Legendrian and by Proposition 2.
The equivalence between the first and the second description is explained in [13]. The equivalence of the
second and third follows from the fact that any graded Lie algebra automorphism of m is uniquely determined
by its restriction to m−1.
Remark 2. A contact twisted cubic structure is the natural contact analogue of an irreducible GL(2,R)-
structure in dimension four, as studied, for instance, in [6, 24]. In particular, one could also call it an
irreducible GL(2,R)-contact structure.
Contact twisted cubic structures are also known as a G2-contact structure in the literature, since they are
the underlying structures of regular, normal parabolic geometries of type (G2,P2), see [13].
Proposition 4. A marked contact twisted cubic structure, locally, admits the following locally equivalent
descriptions:
1. It is given by a contact distribution C ⊂ TM, an auxiliary rank 2 bundle E → M, a vector bundle
isomorphism Ψ :
⊙3 E → C compatible with the conformal symplectic structures and, in addition, a
line subbundle L ⊂ E .
2. It is given by a reduction of structure group of the graded frame bundle F →M of a contact structure
in dimension 5 with respect to the restriction
ρ : B → CSp(2,R)
of an irreducible GL(2,R)-representation ρ to the Borel subgroup B ⊂ GL(2,R).
3. It is given by a contact twisted cubic structure equipped with a γ-congruence, that is, a foliation of M
by curves whose tangent directions are everywhere contained in γ ⊂ P(C).
In view of Proposition 3, the equivalence of the first two descriptions is obvious. Concerning the last
description, note that a section σ :M→ γ is the same as a rank 1 distribution ℓσ ⊂ γˆ ⊂ C, where γˆ ⊂ C is
the cone over γ ⊂ P(C). The integral manifolds of this line distribution define the γ-congruence. Conversely,
one obtains ℓσ from the γ-congruence by considering the field of tangent directions to the curves.
By Lemma 1, we have the following “osculating filtration”.
Proposition 5. A marked contact twisted cubic structure (M, C, γ, σ) is equipped with a flag of distributions
ℓσ ⊂ Dσ ⊂ Hσ ⊂ C ⊂ TM, (2.11)
where the rank 2 distribution Dσ ⊂ C is Legendrian (i.e., totally null with respect to the conformal symplectic
structure on C) and the rank 3 distribution Hσ is the symplectic orthogonal to ℓσ.
Definition 3. We call a marked contact twisted cubic structure integrable if the distribution Dσ is integrable.
In this case the section σ :M→ γ is called an integrable section.
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2.3 (Marked) contact Engel structures and the exceptional Lie group G2
As mentioned in the introduction, the most symmetric contact twisted cubic structure, that we refer to as
the contact Engel structure, is intimately related to the exceptional Lie group G2. We shall explain this
relationship in the following section. For further references see e.g. [15, 38, 5, 13].
Let G2 denote the connected Lie group with center Z2 whose Lie algebra g is the split real form of the
smallest of the exceptional complex simple Lie algebras. G2 can be defined as the stabilizer subgroup in
GL(7,R) of a generic 3-form Φ ∈ Λ3(R7)∗. It preserves a non-degenerate bilinear form h ∈ ⊙2(R7)∗ of
signature (4, 3).
The Lie algebra g of G2 has, up to conjugacy, three parabolic subalgebras: the maximal parabolic algebras
p1, p2 and the Borel subalgebra p1,2. Corresponding parabolic subgroups of G2 can be realized as follows:
P1 is the stabilizer of a null line in R7 with respect to the G2-invariant bilinear form h, P2 is the stabilizer
of a totally null 2-plane in R7 that inserts trivially into Φ, and P1,2 = P1 ∩ P2.
For a parabolic subgroup P of a simple Lie group G, let G+ ⊂ P be the unipotent radical and G0 = P/G+
the reductive Levi factor, so that P = G0⋉G+. Denote by g+ and g0 = p/g+ the corresponding Lie algebras.
Via the adjoint action, P preserves a filtration
g = g−k ⊃ g−k+1 ⊃ · · · ⊃ g0 ⊃ g1 ⊃ · · · ⊃ gk, (2.12)
where g1 = g+, gj = [gj−1, p+] for j ≥ 2, gj+1 = (g−j)⊥ for j ≤ −1 (the complement is taken with respect
to the Killing form) and, in particular, g0 = p. Any splitting g0 → p determines an identification of the
filtered Lie algebra g with its associated graded Lie algebra
gr(g) = g−k ⊕ · · · ⊕ g0 ⊕ · · · ⊕ gk.
For complex simple Lie algebras (and their split-real forms) conjugacy classes of parabolic subalgebras
are in on-to-one correspondence with subsets of simple roots (having fixed a Cartan subalgebra h and a set of
simple roots ∆0). The correspondence is given as follows: Recall that any root can be uniquely decomposed
into a sum of simple roots α =
∑
i aiαi where all coefficients ai (if non-zero) are integers of the same sign.
For any subset Σ ⊂ ∆0 one now defines the Σ-height htΣ(α) of a root to be htΣ(α) =
∑
i:αi∈Σ ai. Then
p = h⊕{α:htΣ(α)≥0} gα
is a parabolic subalgebra. In fact, these choices determine a grading: g0 = h ⊕{α:htΣ(α)=0} gα is a Levi
subalgebra and the remaining grading components are given by gi = ⊕{α:htΣ(α)=i}gα.
In the G2 case we have two simple roots ∆0 = {α1, α2}, and the parabolic subalgebras p1, p2 and p1,2
correspond to the sets Σ1 = {α1}, Σ2 = {α2} and Σ = ∆0.
In this paper we are particularly interested in the contact grading, corresponding to Σ2 = {α2}. Here
we have g0 ∼= gl(2,R), g− = g−1 ⊕ g−2 and g+ = g1 ⊕ g2 are dual with respect to the Killing form and
isomorphic to the 5-dimensional Heisenberg algebra. Moreover, the g0-representation g−1 is irreducible;
hence g−1 ∼=
⊙3
R
2 as a representation of the semisimple part g0ss ∼= sl(2,R).
p2 = g0 ⊕ g1 ⊕ g2
g2
g−2
g1
g−1
g0 (2.13)
The model for contact twisted cubic structures is the homogeneous space G2/P2.
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Proposition 6. The homogeneous space G2/P2 is naturally equipped with a G2-invariant contact twisted
cubic structure.
Proof. The tangent bundle of G2/P2 is the associated bundle
T (G2/P2) = G2 ×P2 (g/p2), (2.14)
where g denotes the Lie algebra of G2. The identification is induced by the trivialization of the tangent
bundle of the Lie group G2 by left-invariant vector fields. Using the Maurer-Cartan form ωG2 ∈ Ω1(G2, g),
ωG2(ξg) = Tλg−1ξg, it can be written as
ξx 7→ [g, ωG2(ξx) + p2],
where g ∈ G2, x = gP2 and ξx ∈ Tx(G2/P2). The filtration (2.12) induces a P2-invariant filtration
Co = g−1/p2 ⊂ g/p2 = To(G2/P2)
and, via the identification (2.14), a subbundle C ⊂ T (G2/P2) of codimension one. The Levi bracket L :
Λ2C → TM/C corresponds to the Lie bracket on g− = gr(g/p2). Since this is the 5-dimensional Heisenberg
Lie algebra, C is contact. Moreover, since the unipotent radical acts trivially on g−1/p2, the P2 action factors
to a G0 action on Co = g−1/p2. The latter action is irreducible, and the orbit through a highest weight line
defines a G0-invariant Legendrian twisted cubic γo ⊂ P(Co).
Definition 4. A contact twisted cubic structure is called flat, or contact Engel structure, if and only if it
is locally equivalent to the G2-invariant structure on G2/P2.
Remark 3. It follows from the general theory, see [13], that there is an equivalence of categories between gen-
eral contact twisted cubic structures and certain regular, normal parabolic geometries. The Engel structure is
the locally unique contact twisted cubic structure with infinitesimal symmetry algebra of maximal dimension,
and it is characterized, up to local equivalence, by the vanishing of the harmonic part of the curvature of
the canonically associated Cartan connection. The infinitesimal automorphisms of a general contact twisted
cubic structure form a Lie algebra of dimension ≤ 14. In fact, if the structure is non-flat, it is known that
the symmetry algebra is of dimension ≤ 7, see [21].
Proposition 7. Let γ ⊂ P(C) be the G2-invariant contact twisted cubic structure on G2/P2. Then
γ = G2 ×P2 P2/P1,2 = G2/P1,2.
Proof. The left G2 action on G2/P2 lifts to a G2 action on γ. Consider the fibre γo ⊂ P(g−1/p2) over
the origin o = eP2. Then the G2 action on γ restricts to a P2 action on γo, which factors to an action
of G0 = GL(2,R), since the unipotent radical acts trivially. The latter action is transitive on γo and the
stabilizer of a point in γo (which is a highest weight line in g−1/p2) is the Borel subgroup B ⊂ GL(2,R) as
in (2.8). Then the stabilizer in P2 of the point is B ⋉ exp(g+), which is the Borel subgroup P1,2 ⊂ G2, and
so
γ = G2 ×P2 γo = G2 ×P2 P2/P1,2 = G2/P1,2.
Definition 5. A marked contact Engel structure is a marked contact twisted cubic structure whose underlying
contact twisted cubic structure is flat.
Remark 4. Also in the general, non-flat case, we can identify γ with the so-called correspondence space
G ×P2 P2/P1,2 = G/P1,2 by means of the associated canonical Cartan connection ω ∈ Ω1(G, g).
12
3 Local invariants and homogeneous models of marked contact En-
gel structures via Cartan’s equivalence method
In this section we apply Cartan’s method of equivalence (see e.g. [27] for an introduction to the general
method) to the local equivalence problem of marked contact Engel structures. We derive a set of local
differential invariants of marked contact Engel structures. These allow us, in particular, to characterize the
maximal and submaximal symmetric models. We further obtain a tree of locally non-equivalent branches
of marked contact Engel structures, and we derive the structure equations for the maximally symmetric
homogeneous structures in (almost all) branches. In particular, this yields a complete classification of all
homogeneous marked contact Engel structures with the symmetry algebra of dimension ≥ 6 up to local
equivalence.
3.1 Adapted coframes
In order to apply Cartan’s method to the equivalence problem of marked contact Engel structures, we shall
recast the problem in terms of adapted coframes. A (marked) contact twisted cubic structure on a manifold
M defines a natural coframe bundle, and adapted coframes are the sections of these bundles.
Definition 6. Let γ ⊂ P(C) be a contact twisted cubic structure on U . A (local) coframe (ω0, ω1, ω2, ω3, ω4)
on U is adapted to the contact twisted cubic structure γ ⊂ P(C) if in terms of this coframe
C = ker(ω0)
and γ ⊂ P(C) is the projectivization of the set of all tangent vectors contained in C that are simultaneously
null for the following three symmetric tensor fields
g1 = ω
1ω3 − (ω2)2, g2 = ω2ω4 − (ω3)2, g3 = ω2ω3 − ω1ω4. (3.1)
Proposition 8. Two coframes (ωˆ0, ωˆ1, ωˆ2, ωˆ3, ωˆ4) and (ω0, ω1, ω2, ω3, ω4) on U are adapted to the same
contact twisted cubic structure if and only if

ωˆ0
ωˆ1
ωˆ2
ωˆ3
ωˆ4

 =


s0 0 0 0 0
s1 s5
3 3s5
2s6 3s5s6
2 s6
3
s2 s5
2s7 s5(s5s8 + 2s6s7) s6(2s5s8 + s6s7) s6
2s8
s3 s5s7
2 s7(2s5s8 + s6s7) s8(s5s8 + 2s6s7) s6s8
2
s4 s7
3 3s7
2s8 3s7s8
2 s8
3




ω0
ω1
ω2
ω3
ω4

 (3.2)
where s0, s1, s2, s3, s4, s5, s6, s7, s8 are smooth functions on U such that the determinant s0(s6s7−s5s8)6 6= 0.
Two contact twisted cubic structures represented by coframes (ω0, . . . , ω4) on U and (ω¯0, . . . , ω¯4) on V are
(locally) equivalent if and only if there exists a (local) diffeomorphism f : U → V such that (f∗(ω¯0), . . . , f∗(ω¯4))
is related to (ω0, . . . , ω4) by a transformation matrix of the form as in (3.2).
Note that the bottom right 4 × 4 block in the transformation matrix from (3.2) is GL(2,R) in the
4-dimensional irreducible representation (2.4).
Definition 7. Let σ : U → γ ⊂ P(C) be a marked contact twisted cubic structure on U . A (local) coframe
(ω0, ω1, ω2, ω3, ω4) is adapted to the marked contact twisted cubic structure σ : U → γ ⊂ P(C) if it is adapted
to the underlying contact twisted cubic structure as in Definition 6 and moreover the line field ℓσ is given by
ℓσ = ker(ω0, ω1, ω2, ω3).
Proposition 9. Two coframes (ωˆ0, ωˆ1, ωˆ2, ωˆ3, ωˆ4) and (ω0, ω1, ω2, ω3, ω4) on U are adapted to the same
marked contact twisted cubic structure if and only if

ωˆ0
ωˆ1
ωˆ2
ωˆ3
ωˆ4

 =


s0 0 0 0 0
s1 s5
3 0 0 0
s2 s5
2s7 s5s5s8 0 0
s3 s5s7
2 2s7s5s8 s8s5s8 0
s4 s7
3 3s7
2s8 3s7s8
2 s8
3




ω0
ω1
ω2
ω3
ω4

 (3.3)
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where s0, s1, s2, s3, s4, s5, s7, s8 are smooth functions on U such that s0s5s8 6= 0.
Two marked contact twisted cubic structures represented by coframes (ω0, . . . , ω4) on U and (ω¯0, . . . , ω¯4)
on V are (locally) equivalent if and only if there exists a (local) diffeomorphism f : U → V such that
(f∗(ω¯0), . . . , f∗(ω¯4)) is related to (ω0, . . . , ω4) by a transformation matrix of the form as in (3.3).
Here, the bottom right 4×4 block in the transformation matrix (3.3) is the Borel subgroup B ⊂ GL(2,R),
defined in (2.8), in the irreducible representation as in (2.4).
Remark 5. Alternatively, we may describe a marked contact twisted cubic structure by considering the
intersection of the null cones of only the two metrics g1 and g3 from (3.1).
3.2 Structure equations for marked contact Engel structures
From now on we shall concentrate on marked contact Engel structures as defined in Definition 5.
Consider the Maurer-Cartan equations of G2 as displayed in the Appendix in (7.2), written with respect
to the basis (E0, E1, . . . , E13) as in (7.1) of g, which is adapted to the contact grading
g = g− ⊕ g0 ⊕ g+ = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2.
Then the kernel of the nine left-invariant forms θ5, θ6, . . . , θ13 from (7.2) defines an integrable distribution.
The leaves of the corresponding foliation correspond to certain sections of G2 → G2/P2. The pullbacks
of the forms θ5, θ6, . . . , θ13 with respect to any of these sections vanish on G2/P2, and the pullbacks of the
remaining forms θ0, θ1, θ2, θ3, θ4 define an adapted coframe (α0, α1, α2, α3, α4) for the contact Engel structure
on G2/P2, which satisfies the system
dα0 = α1 ∧ α4 − 3α2 ∧ α3, dα1 = 0, dα2 = 0, dα3 = 0, dα4 = 0. (3.4)
Integrating this system yields local coordinates (x0, x1, x2, x3, x4) such that
α0 = dx0 + x1dx4 − 3x2dx3, α1 = dx1, α2 = dx2, α3 = dx3, α4 = dx4. (3.5)
Hence such a coframe (α0, α1, α2, α3, α4) is an adapted coframe for the contact Engel structure.
Remark 6. Note that (3.4) are the Maurer-Cartan equations of G− = exp(g−) for the Maurer-Cartan form
θMC of G−. Alternatively, the coordinate representation (3.5) can be obtained from the parameterisation
φ : R5 → G− · o ⊂ G2/P2 given by
φ(x0, x1, x2, x3, x4) = exp(x0E0)exp(x
1E1)exp(x
2E2)exp(x
3E3)exp(x
4E4)o,
with E0 ∈ g−2 and E1, E2, E3, E4 ∈ g−1 and the well-known formula θMC = φ−1dφ = αiEi.
Now denote by (X0, X1, X2, X3, X4) the frame dual to the coframe (α0, α1, α2, α3, α4) as in (3.5). We
may assume that the section σ : U → γ defining a general marked contact Engel structure on G2/P2 is of
the form
σ = [−t3X1 + t2X2 − tX3 +X4], (3.6)
where t = t(x0, x1, x2, x3, x4) is a smooth function on U . In this sense, the choice of a function t determines
a marked contact Engel structure, and up to local equivalence, all marked contact Engel structures can be
obtained in this way. Note however, that different t’s can correspond to the same structure (up to local
equivalence). The osculating filtration from Proposition 5 of the marked Engel structure is of the form
ℓσ = Span(ξ4) ⊂ Dσ = Span(ξ4, ξ3) ⊂ Hσ = Span(ξ4, ξ3, ξ2) ⊂ C = Span(ξ4, ξ3, ξ2, ξ1), (3.7)
where
ξ4 := −t3X1 + t2X2 − tX3 +X4 = −(x1 + 3tx2)∂x0 − t3∂x1 + t2∂x2 − t∂x3 + ∂x4
ξ3 := 3t
2X1 − 2tX2 +X3 = 3x2∂x0 + 3t2∂x1 − 2t∂x2 + ∂x3
ξ2 := −3tX1 +X2 = −3t∂x1 + ∂x2
ξ1 := X1 = ∂x0
ξ0 := X0 = ∂x1
(3.8)
Passing to the coframe (ω0, ω1, ω2, ω3, ω4) dual to the frame (ξ0, ξ1, ξ2, ξ3, ξ4) yields the following.
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Lemma 2. The most general marked contact Engel structure can be locally represented in terms of the
following adapted coframe 

ω0
ω1
ω2
ω3
ω4

 =


dx0 + x1dx4 − 3x2dx3
dx1 + 3tdx2 + 3t2dx3 + t3dx4
dx2 + 2tdx3 + t2dx4
dx3 + tdx4
dx4

 , (3.9)
where t = t(x0, x1, x2, x3, x4) ∈ C∞(U). The filtration (3.7) associated to a marked contact Engel structure
is given in terms of this coframe as
ℓσ = ker(ω0, ω1, ω2, ω3) ⊂ Dσ = ker(ω0, ω1, ω2) ⊂ Hσ = ker(ω0, ω1) ⊂ C = ker(ω0). (3.10)
Our problem is to produce differential invariants that allow us to distinguish non-equivalent classes of
marked contact Engel structures. In particular, all of these invariants should vanish for the simplest marked
contact Engel structure, the one corresponding to t = 0, which we call flat.
Definition 8. A marked contact Engel structure is called flat if it can be locally represented in terms of an
adapted coframe (α0, α1, α2, α3, α4) as in (3.5).
Using Lemma 2, we next observe the following.
Lemma 3. Any marked contact Engel structure admits an adapted coframe (ω0, ω1, ω2, ω3, ω4) satisfying
dω0 = ω1 ∧ ω4 − 3ω2 ∧ ω3
dω1 = 34 (b
2 − 4ac+M − P )ω0 ∧ ω2 + 3cω1 ∧ ω2 − 3aω2 ∧ ω3 + 3Jω2 ∧ ω4
dω2 = 12 (b
2 − 4ac+M − P )ω0 ∧ ω3 + 2cω1 ∧ ω3 − 2bω2 ∧ ω3 + 2Jω3 ∧ ω4
dω3 = 14 (b
2 − 4ac+M − P )ω0 ∧ ω4 + cω1 ∧ ω4 − bω2 ∧ ω4 + aω3 ∧ ω4
dω4 = 0
(3.11)
for functions a, b, c, J,M, P .
Proof. We work in the representation from Lemma 2. Differentiating the coframe (3.9) gives
dω0 = ω1 ∧ ω4 − 3ω2 ∧ ω3
dω1 = 3dt ∧ ω2
dω2 = 2dt ∧ ω3
dω3 = dt ∧ ω4
dω4 = 0,
(3.12)
Then one expands dt in terms of the coframe (ω0, ω1, ω2, ω3, ω4) and then there is a unique solution for
a, b, c, J and M − P in terms of the function t and its derivatives.
Remark 7. Indeed, any marked contact twisted cubic structure admitting an adapted coframe as in Lemma
3 is flat as a contact twisted cubic structure, i.e., it is a marked contact Engel structure.
Applying the exterior derivative on both sides of (3.11) we get information about the exterior derivatives
of the functions a, b, c and J . Explicitly, we obtain the following lemmas. Recall that a subscript ωi denotes
the ith frame derivative as in Section 1.3.
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Lemma 4. The functions a, b, c and J from Lemma 3 satisfy
dJ = Jω0ω
0 + Jω1ω
1 + Jω2ω
2 + Jω3ω
3 + Jω4ω
4
da = aω0ω
0 + aω1ω
1 + 14 (−3b2 +M + 3P )ω2 + Lω3 + (a2 − 2bJ − Jω3)ω4
db = 14 (−4aω1b+ 6b2c− 8ac2 + 4cM −Mω2 + Pω2 + 2bQ− 4aR)ω0 + (2c2 +R)ω1 + (2aω1 − 3bc−Q)ω2
+ 12 (−b2 +M − 3P )ω3 + (ab − 3cJ + Jω2)ω4
dc = cω0ω
0 + Sω1 + (c2 −R)ω2 + (aω1 − 2bc)ω3 + 14 (b2 − 4Jω1 +M − P )ω4,
(3.13)
for functions L,Q,R, S on M.
Lemma 5. The functions a, b, c, J, L,M, P,Q,R, S are uniquely determined by (3.12) and (3.13). Explicitly,
a = tω3 , b = −tω2 , c = tω1 , J = −tω4 , L = tω3ω3 , M = 6tω0 − 2(tω2)2 + 6tω3tω1 + tω2ω3 ,
P = 2tω0 − (tω2)2 + 2tω3tω1 + tω2ω3 , Q = 2tω3ω1 + tω2ω2 + 3tω2tω1 , R = −tω2ω1 − 2(tω1)2, S = tω1ω1 .
3.3 The main invariants and a characterization of the flat model
In this section we shall formulate our first main theorem, which in particular justifies the importance of the
functions J, L,M,P,Q,R, S. Note that the flat marked contact Engel structure corresponding to t = 0 in
the parametrization from Lemma 2 satisfies J = L = M = P = Q = R = S = 0.
Before stating the theorem, we introduce the following notation for the Maurer-Cartan equations, given
in the Appendix by formula (7.3), of the 9-dimensional parabolic subgroup P1 ⊂ G2:
e0 = dθ0 − (−6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3) = 0
e1 = dθ1 − (−3θ1 ∧ θ5 − 3θ1 ∧ θ8) = 0
e2 = dθ2 − (θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8) = 0
e3 = dθ3 − (2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8) = 0
e4 = dθ4 − (6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8) = 0
e5 = dθ5 − (−θ1 ∧ θ12) = 0
e6 = dθ6 − (6θ2 ∧ θ12 + 2θ6 ∧ θ8) = 0
e8 = dθ8 − (−3θ1 ∧ θ12) = 0
e12 = dθ12 − (−3θ5 ∧ θ12 − 3θ8 ∧ θ12) = 0 .
(3.14)
Remark 8. Anticipating the material that will be explained in Section 6.1, we advice a reader familiar with
Tanaka theory to look at Proposition 24 for the reason why we expect the parabolic subalgebra p1 to be the
infinitesimal symmetry algebra of the flat marked contact Engel structure.
We call the group S ∼= B ⋉R5,
S =


(Sµν) =


s0 0 0 0 0
s1 s5
3 0 0 0
s2 s5
2s7 s5
2s8 0 0
s3 s5s7
2 2s7s5s8 s5s8
2 0
s4 s7
3 3s7
2s8 3s7s8
2 s8
3

 : det(Sµν) = s0s56s86 6= 0


(3.15)
the structure group of the equivalence problem for marked contact twisted cubic structures.
Theorem 1. Given the most general marked contact Engel structure on U , consider an adapted coframe
ω = (ω0, ω1, ω2, ω3, ω4) that satisfies structure equations (3.11), and let J, L,M,P,Q,R, S be the functions
defined via (3.11) and (3.13).
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1. Let ωˆ = (ωˆ0, ωˆ1, ωˆ2, ωˆ3, ωˆ4) be another coframe related to ω via ωˆ = A·φ∗(ω), with φ : U → U a
diffeomorphism and A : U → S a function with values in the structure group (3.15). Further suppose
that ωˆ satisfies the structure equations (3.11) for some functions aˆ, bˆ, cˆ, Jˆ , Mˆ , Pˆ , and let Qˆ, Rˆ, Sˆ be the
derived functions as in (3.13). Then
(a) J = 0 iff Jˆ = 0
(b) J = L = 0 iff Jˆ = Lˆ = 0
(c) J = L = M = 0 iff Jˆ = Lˆ = Mˆ = 0
(d) J = L = M = P = 0 iff Jˆ = Lˆ = Mˆ = Pˆ = 0
(e) J = L = M = P = Q = 0 iff Jˆ = Lˆ = Mˆ = Pˆ = Qˆ = 0
(f) J = L = M = P = Q = R = 0 iff Jˆ = Lˆ = Mˆ = Pˆ = Qˆ = Rˆ = 0
(g) J = L = M = P = Q = R = S = 0 iff Jˆ = Lˆ = Mˆ = Pˆ = Qˆ = Rˆ = Sˆ = 0
2. A marked contact Engel structure is flat if and only if
J = L = M = P = Q = R = S = 0 (3.16)
holds. In this case the structure has a 9-dimensional algebra of infinitesimal symmetries isomorphic to
the parabolic subalgebra p1.
Remark 9. Part 1. of the Theorem says that each of the below itemized differential conditions
1. J = 0
2. J = L = 0
3. J = L =M = 0
4. J = L =M = P = 0
5. J = L =M = P = Q = 0
6. J = L =M = P = Q = R = 0
7. J = L =M = P = Q = R = S = 0
is an invariant condition on the marked contact Engel structure defined by the equivalence class [ω]. Note
however that e.g. a = 0, or L = 0 alone, is not an invariant condition.
Proof. of the Theorem 1.
We choose an adapted coframe (ω0, ω1, ω2, ω3, ω4) that satisfies (3.11). This determines a trivialization
of the bundle of all adapted coframes, which may thus be identified with π : U × S → U . We can now lift
(ω0, ω1, ω2, ω3, ω4) to the 5 well-defined (tautological) 1-forms
θµ = Sµνω
ν , µ = 0, 1, 2, 3, 4, (3.17)
on U × S. Writing equations (3.11) symbolically as
dωµ = − 12Fµνρων ∧ ωρ, (3.18)
we express the differentials dθ0, ..., dθ4 as
dθµ = d(Sµνω
ν) = dSµν ∧ ων + Sµνdων = dSµρ(S−1)ρσ ∧ θσ − 12SµνF νρσ(S−1)ρα(S−1)σβθα ∧ θβ .
For computational reasons we set
δ = −s5s8.
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Now we will solve equations (3.14). The unknowns in these equations are the group parameters s0, s1, s2,
s3, s4, s5, s7, δ and the four 1-forms θ5, θ6, θ8 and θ12. What is given is the coframe ω and the derived
functions a, b, c, J, etc, as defined in (3.11) and (3.13). Therefore, if we say that we solve equations
e0 = 0, e1 = 0, ..., e12 = 0,
we mean that we are searching for s0, s1, s2, s3, s4, s5, s7, δ and θ5, θ6, θ8 and θ12 such that the equations
are satisfied.
We start by solving equation e0 = 0. Computing
dθ0 = 1
s0
ds0 ∧ θ0 − s4δ3 θ0 ∧ θ1 + 3s3δ3 θ0 ∧ θ2 − 3s2δ3 θ0 ∧ θ3 + s1δ3 θ0 ∧ θ4 − s0δ3 θ1 ∧ θ4 + 3s0δ3 θ2 ∧ θ3
and inserting it into e0 ∧ θ0 = 0 gives
(−1− s0
δ3
)θ1 ∧ θ4 ∧ θ0 + (3 + 3s0
δ3
)θ2 ∧ θ3 ∧ θ0 = 0,
whose unique solution is
s0 = −δ3. (3.19)
Having established this, the most general solution of e0 = 0 for θ5 is
θ5 := 12δdδ +
s4
6δ3 θ
1 − s32δ3 θ2 + s22δ3 θ3 − s16δ3 θ4 − 16u0 θ0. (3.20)
Note that we had to introduce a new variable u0, since adding to any particular solution for θ5 a functional
multiple of θ0 is a solution as well. At this point the equation e0 = 0 is satisfied.
We next consider the equation e1 ∧ θ0 ∧ θ1 = 0, which reads
3(s1δ+as5
3δ−3Js54s7)
δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ3 + 3Js55
δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ4 = 0. (3.21)
Since s5 cannot be zero, the vanishing of the coefficient at the θ0 ∧ θ1 ∧ θ2 ∧ θ4-term in (3.21) is equivalent to
J = 0. In other words, we have shown that under the most general transformation that maps one adapted
coframe ω to another adapted coframe ωˆ, the coefficient F 124 in the structure equations (3.18) transforms as
Fˆ 124 =
3s5
5
δ4
F 124.
This shows that it defines a density invariant (or, relative invariant) of the marked contact twisted cubic
structure. In particular, its vanishing or not is an invariant property of the structure. For those coframes
that satisfy the structure equations (3.11), the coefficient Fˆ 124 is proportional to J . Moreover, for the
(particular) flat structure corresponding to t = 0 we have J = 0. This further shows that vanishing of this
density invariant that we discovered is a necessary condition for flatness.
From now on we assume
J = 0
(which means that also the consequences Jω0 = Jω1 = Jω2 = Jω3 = Jω4 = 0 hold). We return to equation
(3.21). We can now solve it by setting
s1 = −as53. (3.22)
Then we look at equation e1 ∧ θ1 = 0, which reads
−s52
δ5
(Mδ + 2Ls5s7)θ
0 ∧ θ1 ∧ θ2 + s54
δ5
Lθ0 ∧ θ1 ∧ θ3 = 0.
The same argument as above applied to the second term in this equation shows that L must be zero for
e1 ∧ θ1 = 0 to admit a solution. We also infer from this that the simultaneous vanishing of J and L is an
invariant condition on marked contact Engel structures, and that J = L = 0 is another necessary condition
for a structure to be flat. We now assume that
J = L = 0.
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With this assumption e1 ∧ θ1 = 0 reads
−s52
δ4
Mθ0 ∧ θ1 ∧ θ2 = 0.
As before, we may now conclude that the simultaneous vanishing of J , L and M is an invariant property
and necessary for flatness. We will from now on assume that
J = L = M = 0
holds. Now the general solution for e1 = 0 is
θ8 = − 12δdδ + 1s5 ds5 −
(−6cs2δ2+2a1s5δ3+2as4s54−6acs52s7δ2−6as3s53s7+6as2s52s72+2a2s54s73−s5u0δ6
6s5δ6
θ0
+ 2cδ
2+s3s5−2as52s72
2s5δ3
θ2 − s2−2as52s72δ3 θ3 − as5
3
2δ3 θ
4 − 13u1 θ1,
(3.23)
where we have introduced a new variable u1. In this way, e1 = 0 is solved.
We next attempt to solve e2 = 0. We start with e2 ∧ θ0 ∧ θ1 = 0, which reads
2(2s2−bs5δ+2as52s7)
δ3
θ0 ∧ θ1 ∧ θ2 ∧ θ3 = 0.
Its unique solution is given by
s2 =
1
2bs5δ − as52s7. (3.24)
Computing e2 ∧ θ1 = 0 and looking at the coefficient at the θ0 ∧ θ1 ∧ θ3 term, we see that in order to be able
to solve the equation, P has to be zero. We also conclude that
J = L =M = P = 0
is an invariant property, which we from now on assume to hold. Then the unique solution of e2 ∧ θ1 = 0 is
u0 =
(4a1−6bc−3Q)δ3+3b2s5s7δ2−3(s3+2as72s5)bs5δ+2as52(−s4s5+3s3s7+2as5s73)
2δ6 . (3.25)
Now the most general 1-form θ6 such that e2 = 0 holds is
θ6 = s7
s5δ
dδ − s7
s52
ds5 − 1s5 ds7
− 2(2c2+R)δ4−2(4bc+Q)s5s7δ3+(8cs3+5b2s5s72+8acs5s72)s5δ2+2(s4s5−4s3s7−6as5s73)bs52δ−4(s4s5−3s3s7−2as5s73)as53s74s52δ6 θ0
+ 2s5
2u1δ
3+6cs7δ
2−12bs5s72δ−3s4s52+18as52s73
6s52δ3
θ2 − 2cδ2−2bs5s7δ+3as52s72
s5δ3
θ3 − s5(bδ−2as5s7)2δ3 θ4 + u2θ1.
(3.26)
Next we compute e3 ∧ θ0 = 0, which can be solved by
s3 =
−cδ2+bs5s7δ−as52s72
s5
, (3.27)
u1 =
−3(2cs7δ2−2bs5s72δ+s4s52+2as52s73)
2s52δ3
, (3.28)
u2 =
−s72(cδ2−bs5s7δ+as52s72)
s53δ3
. (3.29)
Equation e3 = 0 now reads
1
s54δ3
(−Sδ2 + 2Rs5s7δ −Qs52s72)θ0 ∧ θ1 − 2s52δ3 (Rδ −Qs5s7)θ0 ∧ θ2 − 1δ3Qθ0 ∧ θ3 = 0.
From here we conclude that
J = L = M = P = Q = 0
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is an invariant condition. Assuming that it be satisfied, we see that in order to be able to solve equation
e3 = 0, we also have to assume R to be zero. We also see that
J = L = M = P = Q = R = 0
is an invariant condition. Assuming that it holds, we see that also S has to be zero. Assuming that the
invariant condition
J = L = M = P = Q = R = S = 0
holds, equation e3 = 0 is now solved.
Now we consider e4 = 0. The most general 1-form θ12 solving this equation is
θ12 = −(cs7δ
2−bs5s72δ+s4s52+as52s73)
2s52δ4
dδ + 16δ3ds4 +
cs7δ
2−bs5s72δ+s4s52+as52s73
2s53δ3
ds5 +
cδ2−bs5s7δ+as52s72
2s52δ3
ds7
+ 3c
2s7
2δ4−6bcs5s73δ3+3(cs4s52s7+b2s52s74+2acs52s74)δ2−3(bs4s53s72+2abs53s75)δ+s42s54+3as4s54s73+3a2s54s76
6s54δ6
θ1
+ bcs7
2δ3+(cs4s5−b2s5s73−2acs5s73)δ2+3abs52s74δ−as4s53s72−2a2s53s75
2s52δ6
θ2
+ c
2δ4−2bcs5s7δ3+(b2s52s72+3acs52s72)δ2−3abs53s73δ+as4s54s7+2a2s54s74
2s52δ6
θ3
+ 4a1δ
3−(3b2s5s7+12acs5s7)δ2+12abs52s72δ−4as4s53−8a2s53s73
24δ6 θ
4 + 16u3θ
0,
(3.30)
where u3 is a new variable. Next we consider equation e5 = 0, which we solve for
u3 =
−8c3δ6+24bc2s5s7δ5−(21b2cs52s72+36ac2s52s72)δ4+(6bcs4s53+5b3s53s73+60abcs53s73)δ3
4s53δ9
− (3b2s4s54s7+24acs4s54s7+21ab2s54s74+36a2cs54s74)δ2−(18abs4s55s72+24a2bs55s75)δ+4s42s56+12a2s4s56s73+8a3s56s764s53δ9 .
(3.31)
Computing shows that now e6 = 0, e8 = 0 and e12 = 0 are satisfied as well.
Concluding, we proved that the conditions displayed in Remark 9 are invariant conditions on marked
contact Engel structures. The flat marked contact Engel structure satisfies J = L = M = P = Q = R =
S = 0, so this is evidently a necessary condition for flatness.
Moreover, assuming J = L = M = P = Q = R = S = 0, we uniquely determined
• a 9-dimensional sub-bundle P of the 13-dimensional bundle U×S→ U we started out with (parametrized
by the coordinates x0, x1, x2, x3, x4 and the remaining fibre coordinates s4, s5, δ, s7)
• and a well defined coframe (θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12) on P satisfying the Maurer-Cartan equations
(7.2) whose first five forms (θ0, θ1, θ2, θ3, θ4) when pulled back with respect to any section of P → U
are contained in the equivalence class [(ω0, ω1, ω2, ω3, ω4)].
Hence a structure that satisfies these conditions has a 9-dimensional algebra of infinitesimal symmetries iso-
morphic to the parabolic subalgebra p1. Taking a section corresponding to a leaf of the integrable distribution
given by the kernel of θ5, θ6, θ8, θ12, the pullbacks of θ0, θ1, θ2, θ3, θ4 to U satisfy
dθ0 = θ1 ∧ θ4 − 3θ2 ∧ θ3, dθ1 = 0, dθ2 = 0, dθ3 = 0, dθ4 = 0.
In particular, there exist local coordinates (x0, x1, x2, x3, x4) such that θ0 = dx0 + x1dx4 − 3x2dx3, θ1 =
dx1, θ2 = dx2, θ3 = dx3, θ4 = dx4, which means that the marked Engel structure is flat.
3.4 A rigid coframe for marked contact Engel structures
In the previous section we have explicitly constructed a rigid coframe on a 9-dimensional bundle over the
flat marked contact Engel structure. In this section we apply Cartan’s equivalence method to show how to
associate a rigid coframe on a 9-dimensional bundle to a general marked contact Engel structure.
20
We start as in the proof of Theorem 1. We choose an adapted coframe (ω0, ω1, ω2, ω3, ω4) that satisfies
the structure equations (3.11) and as in the beginning of the proof of Theorem 1 we lift it to the 5 well-defined
(tautological) 1-forms
θµ = Sµνω
ν , µ = 0, 1, 2, 3, 4,
on U × S, where S is the structure group (3.15). We again reparametrize δ = −s5s8.
Since
dθ0 ∧ θ0 = − s0
δ3
θ1 ∧ θ4 ∧ θ0 + 3s0
δ3
θ2 ∧ θ3 ∧ θ0
we normalize the coefficient of the θ1 ∧ θ4–term in the expansion of dθ0 to 1 by setting
s0 = −δ3. (3.32)
Then there exists a 1-form θ5, which is uniquely defined up to addition of multiples of θ0, satisfying the
equation
dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3.
Computing
dθ1 ∧ θ0 ∧ θ1 ∧ θ4 = 3(s1δ+as53δ−3Js54s7)
δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ3 ∧ θ4
shows that we can further normalize the θ2 ∧ θ3–coefficient in the expansion of dθ1 to 0 by setting
s1 =
−aδs53+3Js54s7
δ
. (3.33)
Then there exists a 1-form θ8, uniquely defined up to addition of multiples of θ0 and θ1, satisfying
dθ1 ∧ θ0 = −3θ0 ∧ θ1 ∧ θ5 − 3θ0 ∧ θ1 ∧ θ8 + 3Js55
δ4
θ0 ∧ θ2 ∧ θ4.
Now
dθ2 ∧ θ0 ∧ θ1 = 2(2δs2−bδ2s5+2aδs52s7−3Js53s72)
δ4
θ0 ∧ θ1 ∧ θ2 ∧ θ3 − 3θ0 ∧ θ1 ∧ θ2 ∧ θ5
− θ0 ∧ θ1 ∧ θ2 ∧ θ8 + 2Js55
δ4
θ0 ∧ θ1 ∧ θ3 ∧ θ4
shows that we can normalize the θ2 ∧ θ3–term in the expansion of dθ2 to 0 by setting
s2 =
s5
2δ (bδ
2 − 2aδs5s7 + 3Js52s72), (3.34)
and
dθ3 ∧ θ0 ∧ θ2 ∧ θ3 = − cδ3+δs3s5−bδ2s5s7+aδs52s72−Js53s73
δ4s5
θ0 ∧ θ1 ∧ θ2 ∧ θ3 ∧ θ4
shows that we can normalize the θ1 ∧ θ4–term in the expansion of dθ3 to 0 by setting
s3 = − 1δs5 (cδ3 − bδ2s5s7 + aδs52s72 − Js53s73). (3.35)
Having performed these normalizations, on the subbundle G9 ⊂ (U ×S) defined by (3.32), (3.33), (3.34),
(3.35), we now have
θ0 = −δ3ω0
θ1 = s5
3(3Js5s7−aδ)
δ
ω0 + s5
3ω1
θ2 = s5(bδ
2−2aδs5s7+3Js52s72)
2δ ω
0 + s5
2s7ω
1 − δs5ω2
θ3 = −cδ
3+bδ2s5s7−aδs52s72+Js53s73
s5
ω0 + s5s7
2ω1 − 2δs7ω2 + δ2s5 ω3
θ4 = s4ω
0 + s7
3ω1 − 3δs72
s5
ω2 + 3δ
2s7
s52
ω3 − δ3
s53
ω4.
(3.36)
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We have further introduced two additional forms θ5 and θ8, but on the 9-dimensional bundle G9 given
by (3.32), (3.33), (3.34), (3.35) they are defined up to a certain freedom. It turns out that imposing further
normalizations determines forms θ5, θ8 uniquely and in addition picks up unique 1-forms θ6 and θ12 that
together with the five 1-forms (3.36) constitute a coframe on G9. The normalizations needed are included in
the following proposition:
Proposition 10. The five forms (3.36) on the 9-dimensional subbundle G9 ⊂ U × S given by (3.32),
(3.33), (3.34), (3.35) can be supplemented to a rigid coframe (θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12) which is uniquely
determined by the fact that it satisfies
dθ0 =− 6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 =− 3θ1 ∧ θ5 − 3θ1 ∧ θ8 + T 102θ0 ∧ θ2 + T 103θ0 ∧ θ3 + T 104θ0 ∧ θ4 + T 106θ0 ∧ θ6 + T 124θ2 ∧ θ4
dθ2 =θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8 + T 203θ0 ∧ θ3 − T 204θ0 ∧ θ4 + T 234θ3 ∧ θ4
dθ3 =2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8 + T 301θ0 ∧ θ1 + T 302θ0 ∧ θ2 − T 303θ0 ∧ θ3 + T 304θ0 ∧ θ4
dθ4 =6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8,
(3.37)
for some functions T ijk, and the additional normalization that dθ
5, when written with respect to the basis of
forms θi ∧ θj, has zero coefficient at the θ0 ∧ θ1 term.
We remark that the normalizations given in Proposition 10 also uniquely determine the structure functions
T kjl. In particular we have
T 124 = −T 106 = 32T 234 = 3Js5
5
δ4
, (3.38)
and
T 102 =
s5
2(δ4M−6δJs4s53−9cδ3Js5s7−3δ3Jω2s5s7+2δ3Ls5s7−9bδ2Js52s72−9δ2Jω3s52s72+21aδJs53s73−9δJω4s53s73−27J2s54s74)
δ8
.
(3.39)
Remark 10. The bundle G9 → U has as structure group the subgroup of S of matrices of the form

−δ3 0 0 0 0
0 s5
3 0 0 0
0 s5
2s7 −δs5 0 0
0 s5s7
2 −2δs7 δ2s5 0
s4 s7
3 − 3δs72
s5
3δ2s7
s52
− δ3
s53

 .
Remark 11. The coframe constructed in Proposition 10 does not define a Cartan connection. In order to
obtain a Cartan connection, more elaborate normalizations are necessary.
3.5 Integrable structures and the submaximal models
Recall that any marked contact Engel structure is called integrable if the rank 2 distribution Dσ, which in
terms of an adapted coframe is given by
Dσ = ker(ω0, ω1, ω2),
is integrable. The following proposition shows that integrability of a marked contact Engel structure precisely
corresponds to the vanishing of the first (relative) invariant from Theorem 1.
Proposition 11. A marked contact Engel structure is integrable if and only if J = 0.
Proof. Let (ω0, ω1, ω2, ω3, ω4) be any adapted coframe that satisfies the structure equations (3.11) with
associated function J . A direct computation shows that
dω0 ∧ ω0 ∧ ω1 ∧ ω2 = 0
dω1 ∧ ω0 ∧ ω1 ∧ ω2 = 0
dω2 ∧ ω0 ∧ ω1 ∧ ω2 = 2 J ω0 ∧ ω1 ∧ ω2 ∧ ω3 ∧ ω4.
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For integrable marked contact Engel structures the structure equations simplify as follows.
Proposition 12. Consider an integrable marked contact Engel structure. Then the five forms (3.36) on the
9-dimensional subbundle G9 of U × S given by (3.32), (3.33), (3.34), (3.35) can be supplemented to a rigid
coframe (θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12) which is uniquely determined by the structure equations
dθ0 =− 6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 =− 3θ1 ∧ θ5 − 3θ1 ∧ θ8 + s52(δM+2Ls5s7)
δ5
θ0 ∧ θ2 − s54L
δ5
θ0 ∧ θ3
dθ2 =θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8 − s52(5δP−3δM+4Ls5s7)4δ5 θ0 ∧ θ3
dθ3 =2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8 − δ4U−2δ3Rs5s7+δ2Qs52s72+2δPs53s73+Ls54s74
δ5s55
θ0 ∧ θ1
− 2(δ3R−δ2Qs5s7−3δPs52s72−2Ls53s73)
δ5s52
θ0 ∧ θ2 − δ2Q+6δPs5s7+6Ls52s72
δ3
θ0 ∧ θ3 + (M−P )s522δ4 θ0 ∧ θ4
dθ4 =6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8
(3.40)
and the additional normalization that dθ5, when expressed with respect to the basis of forms θi ∧ θj, has zero
coefficient at the θ0 ∧ θ1 term.
In particular, the structure equations for integrable structures exhibit a new relative invariant for these
structures that is independent of the filtration of invariant conditions from Section 3.3.
Proposition 13. Consider an integrable marked contact Engel structure on U . Let (ω0, ω1, ω2, ω3, ω4) be
an adapted coframe satisfying the structure equations (3.11) with J = 0, and let φ be the 3-form defined as
φ = ω1 ∧ ω2 ∧ ω3 − aω0 ∧ ω2 ∧ ω3 + 12bω0 ∧ ω1 ∧ ω3 − cω0 ∧ ω1 ∧ ω2. (3.41)
1. Then the rank 2-distribution
Rσ = ker(φ)
on U is invariantly associated to the marked contact twisted cubic structure.
2. This distribution is integrable if and only if M − P vanishes.
Proof. Let θ0, θ1, θ2, θ3, θ4 be the invariant forms (3.36) on G9 with J = 0. A direct calculation gives
θ1 ∧ θ2 ∧ θ3 = δ3s53(ω1 ∧ ω2 ∧ ω3 − aω0 ∧ ω2 ∧ ω3 + 12bω0 ∧ ω1 ∧ ω3 − cω0 ∧ ω1 ∧ ω2).
This shows that the kernel of θ1∧θ2∧θ3 descends to a distribution Rσ = ker(φ) on U , which is independent of
the choice of adapted coframe, and thus invariantly associated to the marked contact twisted cubic structure.
Since
φ = (ω1 − aω0) ∧ (ω2 − 12bω0) ∧ (ω3 − cω0)
and
d(ω1 − aω0) ∧ (ω1 − aω0) ∧ (ω2 − b2ω0) ∧ (ω3 − cω0) = 0,
d(ω2 − b2ω0) ∧ (ω1 − aω0) ∧ (ω2 − b2ω0) ∧ (ω3 − cω0) = 0,
d(ω3 − cω0) ∧ (ω1 − aω0) ∧ (ω2 − b2ω0) ∧ (ω3 − cω0) = 12 (M − P )s52ω0 ∧ ω1 ∧ ω2 ∧ ω3 ∧ ω4,
integrability of Rσ is equivalent to the vanishing of M − P .
Remark 12. (Submaximal branch) The structure equations for integrable marked contact Engel structures
displayed in Proposition 12 show that for the subclass of structures with nowhere vanishing relative invariant
M − P , we can further normalize the coefficient T 304 = (M−P )s5
2
2δ4 . It is also visible that the sign of M − P
is an invariant of integrable marked contact Engel structures.
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We could now proceed as follows. We could normalize the coefficient T 304 to
ǫ
2 with ǫ = sign(M −P ) (or
any non-zero multiple of ǫ). This means that we restrict to the 8-dimensional subset G8 ⊂ G9 defined by
s5 =
δ2√
ǫ(M−P ) .
On this subset, the pullbacks of the 1-form θ8 is linearly dependent on the pullbacks of the remaining forms
θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ12, which define a coframe on G8. If we now compute the structure equations with
respect to the coframe on G8 and assume that all of the structure functions are constants, we arrive at the
structure equations (3.46). These are Maurer-Cartan equations for sl(3,R) if ǫ > 0 and Maurer-Cartan
equations for su(2, 1) if ǫ < 0. The analysis in Section 3.6 (where we will start by normalizing T 103 = − s54Lδ5
rather than T 304) will show that these are, up to local equivalence, the only marked contact Engel structures
with 8-dimensional transitive symmetry algebra, and we will refer to these structures as the submaximal
marked contact Engel structures.
3.6 A tree of homogeneous models
The goal of this section is to find all locally non-equivalent homogeneous marked contact Engel structures
with symmetry group of dimension ≥ 6. To this end, we return to the conditions from Theorem 1, which
divide marked contact Engel structures into classes of mutually non-equivalent structures. We apply Cartan’s
reduction procedure to determine the maximally symmetric homogeneous structures in each of the branches
determined by the conditions from Theorem 1.
We will, in the following, often abuse notation. In particular, we will denote various different sub-
bundles Gi ⊂ G9 of dimension i by the same symbol. Moreover, we will frequently pullback the forms
θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12 to these various subbundles and always reuse the same names for the pulled
back forms. For different Gi, we will be choosing subsets of these forms that constitute coframes on the
subbundles Gi. We will express the exterior derivatives dθi of these coframe forms in terms of the bases of
2-forms given by the wedge products θi ∧ θj of the coframe forms, and refer to the equations
dθk = T kijθ
i ∧ θj ,
as the structure equations and to the functions T kij as the structure functions (with respect to the coframe).
3.6.1 The branch J 6= 0
Here we shall assume that J 6= 0. This assumption allows us to perform a number of normalizations. We
proceed as follows. First, looking at dθ1 in Proposition 10, we see that we can normalize the coefficient
T 124 =
3s5
5
δ4
J to any non-zero value, and we shall normalize it to 3. We also see that we can normalize the
coefficient T 102 to zero. This means that we restrict to a subbundle G7 ⊂ G9 given by
s5 =
(
δ4
J
) 1
5
, s4 =
δ4M−9cδ3Js5s7−3δ3Jω2s5s7+2δ3Ls5s7−9bδ2Js52s72−9δ2Jω3s52s72+21aδJs53s73−9δJω4s53s73−27J2s54s74
6δJs53
.
We pullback the forms θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12 to G7, where they are no longer independent, and express
θ8 and θ12 as linear combinations with functional coefficients of the remaining forms. Now we compute
the structure equations with respect to the coframe on G7 given by θ0, . . . , θ6. Looking at these structure
equations shows that we can now normalize the coefficient of dθ1 at the θ1∧θ4 term to zero, which determines
a 6-dimensional subbundle G6 ⊂ G7 given by
s7 =
δ
1
5 (3aJ−Jω4 )
14J
9
5
.
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On this subbundle, which is parametrized by the coordinates on U and the fibre coordinate δ, the forms
θ0, . . . , θ5 define a coframe that satisfies structure equations of the form
dθ0 =− 6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 =α1
δ3
θ0 ∧ θ1 + α2
δ
12
5
θ0 ∧ θ2 + α3
δ
9
5
θ0 ∧ θ3 + α4
δ
6
5
θ0 ∧ θ4 + α5
δ
9
5
θ1 ∧ θ2 + α6
δ
6
5
θ1 ∧ θ3
− 245 θ1 ∧ θ5 + 3θ2 ∧ θ4
dθ2 = α7
δ
18
5
θ0 ∧ θ1 + α8
δ3
θ0 ∧ θ2 + α9
δ
12
5
θ0 ∧ θ3 + 5α5
6δ
9
5
θ0 ∧ θ4 + α10
δ
12
5
θ1 ∧ θ2 + α11
δ
9
5
θ1 ∧ θ3
− 3α4+5α6
9δ
6
5
θ1 ∧ θ4 + α6
3δ
6
5
θ2 ∧ θ3 − 185 θ2 ∧ θ5 + 2θ3 ∧ θ4
dθ3 = α12
δ
21
5
θ0 ∧ θ1 + α13
δ
18
5
θ0 ∧ θ2 + α14
δ3
θ0 ∧ θ3 + 6α9+75α10+25α2
15δ
12
5
θ0 ∧ θ4 + 2(α1−3α8)3δ3 θ1 ∧ θ2
− 3α10+α2
3δ
12
5
θ1 ∧ θ3 + α5+6α11
3δ
9
5
θ2 ∧ θ3 − 6α4+10α6
9δ
6
5
θ2 ∧ θ4 − 125 θ3 ∧ θ5
dθ4 = α15
δ
24
5
θ0 ∧ θ1 + α16
δ
21
5
θ0 ∧ θ2 + α17
δ
18
5
θ0 ∧ θ3 + α18
δ3
θ0 ∧ θ4 + α1−3α8
δ3
θ1 ∧ θ3 − 3α10+α2
δ
12
5
θ1 ∧ θ4
+ α2
δ
12
5
θ2 ∧ θ3 + α5
δ
9
5
θ2 ∧ θ4 − 3α4+2α6
3δ
6
5
θ3 ∧ θ4 − 65θ4 ∧ θ5
dθ5 = α19
δ
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5
θ0 ∧ θ1 + α20
δ
24
5
θ0 ∧ θ2 + α21
δ
21
5
θ0 ∧ θ3 + α22
δ
18
5
θ0 ∧ θ4 − 3α12+α16
6δ
21
5
θ1 ∧ θ2 − α17−3α7
6δ
18
5
θ1 ∧ θ3
− α1+α186δ3 θ1 ∧ θ4 + α8+α142δ3 θ2 ∧ θ3 + 6α9+75α10+20α230δ 125 θ
2 ∧ θ4 − 2α3−5α5
12δ
9
5
θ3 ∧ θ4,
(3.42)
where α1, . . . , α21 are the pullbacks of functions on U , that is, as functions on G6 they do not depend on δ.
Now we are looking for homogeneous structures with six dimensional symmetry algebra in this branch.
For such structures all of the structure functions are constants. In particular, all of those that depend on δ
have to be identically zero. On the other hand, one easily checks that this constant coefficient system
dθ0 =− 6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 =− 245 θ1 ∧ θ5 + 3θ2 ∧ θ4
dθ2 =− 185 θ2 ∧ θ5 + 2θ3 ∧ θ4
dθ3 =− 125 θ3 ∧ θ5
dθ4 =− 65θ4 ∧ θ5
dθ5 =0.
(3.43)
is closed, that is, d2θi = 0, for all i = 0, 1, 2, 3, 4, 5. This means that there is a unique local model with
6-dimensional symmetry algebra in this branch whose symmetry algebra has Maurer-Cartan equations (3.43).
There may be homogeneous models with 5-dimensional symmetry algebra in this branch as well.
3.6.2 The branch J = 0, L 6= 0
For integrable structures, we have seen that L defines a relative invariant. We shall assume here that it be
nowhere vanishing. Similar as before, this assumption allows us to perform normalisations. We normalize the
coefficient T 102 to zero, and the coefficient T
1
03 to 1. On the subbundle determined by these normalizations,
θ6 and θ8 are expressible in terms of the remaining forms, which constitute a coframe. Looking at dθ3 (with
the expressions for θ6 and θ8 inserted) we now see that the coefficient at the θ1 ∧ θ3 term can be normalized
to zero. Together, these normalizations determine a 6-dimensional subbundle G6 ⊂ G9 defined by
s7 =
M
2L
4
5 s5
1
5
, δ = −L 15 s5 45 , s4 = − 8L
2Lω1+16cL
2M−4LLω2M+8bLM2+2Lω3M2+aM3
8L
12
5 s5
3
5
,
on which (the pullbacks of) the forms θ0, θ1, θ2, θ3, θ4, θ5 define a coframe.
Now, if there were homogeneous structures with 6-dimensional symmetry algebra in this branch, then
for these structures all of the structure functions of the structure equations with respect to the coframe
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(θ0, θ1, θ2, θ3, θ4, θ5) on G6 must be constant. However, this assumption leads to a contradiction, and we
conclude that there are no homogeneous models with 6-dimensional symmetry algebra in this branch.
It turns out that there are structures with 5-dimensional transitive symmetry algebra in this branch,
and below we describe how to find them. The structure equations lead us to distinguish two subclasses of
structures, those for which the relative invariant M − P vanishes and those for which it does not vanish.
We first consider the class of structures for which M −P 6= 0, which allows us to normalize the coefficient
at the θ0 ∧ θ3 term of dθ2. This determines a 5-dimensional subbundle of G6 → U , and thus a rigid coframe
θ0, θ1, θ2, θ3, θ4 on U . However, assuming that the structure equations with respect to this coframe have only
constant structure functions quickly leads to a contradiction, and we conclude that there are no homogeneous
structures in this branch.
We shall henceforth assume that M −P = 0. In this case, the structure equations exhibit a new relative
invariant, namely 5bL + 2Lω3 . This leads us to branch further into the subclass of structures for which
5bL+ 2Lω3 is vanishing and the subclass for which is non-vanishing. Assuming that 5bL+ 2Lω3 6= 0 allows
us to normalize, namely we normalize the coefficient of dθ1 at the θ1 ∧ θ3 term to 38 . This determines a
5-dimensional subbundle G5 ⊂ G6, given by
s5 =
(
(5bL+2Lω3)
5
L7
) 1
3
,
and a rigid coframe θ0, θ1, θ2, θ3, θ4 on U . Assuming that all of the structure functions with respect to this
coframe are constant and using that d2 = 0, we find that there is a locally unique homogeneous model with
5-dimensional symmetry algebra in this branch. It has Maurer-Cartan equations
dθ0 = − 56θ0 ∧ θ3 − 24θ0 ∧ θ4 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 = θ0 ∧ θ3 − 23θ1 ∧ θ3 − 30θ1 ∧ θ4
dθ2 = − 12θ2 ∧ θ3 − 18θ2 ∧ θ4
dθ3 = −6θ3 ∧ θ4
dθ4 = 16θ
3 ∧ θ4.
(3.44)
Further analysis shows that there are no homogeneous models in the branch 5bL+ 2Lω3 = 0.
3.6.3 The branch J = L = 0, M 6= 0
Looking at (3.40), we see that under the assumption J = L = 0, the coefficient T 102 reads
s5
2M
δ4
. This shows
that the sign of M is an invariant, and we normalize this coefficient to ǫ = sign(M). More precisely, we
restrict to a hypersurface G8 in G9 defined by
s5 =
δ2√
ǫM
.
We pullback the 1-forms θ0, θ1, θ2, θ3, θ4, θ5, θ6, θ8, θ12 to G8, and find that on this hypersurface θ8 is linearly
dependent on the other 1-forms.
Having done that, we compute dθi, for all i = 0, 1, 2, 3, 4, 5, 6, 12, on G8 in terms of the basis of 2-forms
θi ∧ θj . Inspecting the system shows that the coefficient of dθ5 at the θ2 ∧ θ3 term reads
√
ǫMQ+6δPs7
2δ3
√
ǫM
.
We now branch according to whether P vanishes or not.
Assuming that P 6= 0, allows to normalize the above coefficient to zero. This determines a 7-dimensional
subbundle G7 of G8, given by s7 = −
√
ǫMQ
6δP . We pullback the forms θ
i, i = 0, 1, 2, 3, 4, 5, 6, 12, and express θ6
as a combination of the remaining forms. We compute the structure equations with respect to the coframe
on G7, and note that we can now normalize the coefficient of dθ4 at the θ2∧θ3 term to zero. This determines
a 6-dimensional subbundle G6 of G7, given by
s4 =
(ǫM)
3
2 (60cMPQ−30Mω2PQ+180cP 2Q+126PPω2Q+84aω0Q2+84aaω1Q2−21b3Q2−21bMQ2+81bPQ2+2aQ3−72P 2Qω2 )
432(δP )3 ,
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on which we express θ12 in terms of the remaining forms. Moreover, as a consequence of the assumption
that P 6= 0, we have 2cM −Mω2 6= 0. This allows to further normalize the coefficient of dθ1 at the θ1 ∧ θ2
term (with respect to the coframe on G6) to any non-zero value, and we shall normalize it to 12. This
determines a 5-dimensional subbundle G5 ⊂ G6, given by δ =
(
2cM−Mω2
8
√
ǫM
) 1
3
. We have now obtained a unique
coframe on the 5-manifold M. Inspecting the structure equations of this coframe shows that there are two
locally non-equivalent homogeneous models with 5-dimensional symmetry algebras in this branch, whose
Maurer-Cartan equations read
dθ0 = − 152 θ0 ∧ θ2 − 16ǫθ0 ∧ θ4 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 = ǫθ0 ∧ θ2 − 3θ1 ∧ θ2 − 13ǫθ1 ∧ θ4
dθ2 = 14θ
0 ∧ θ1 − 112 ǫθ0 ∧ θ3 − 12θ1 ∧ θ3 − 16ǫθ2 ∧ θ4
dθ3 = 92θ
0 ∧ θ2 + 16ǫθ0 ∧ θ4 + 9ǫθ1 ∧ θ2 + 3θ2 ∧ θ3
dθ4 = − 274 ǫθ0 ∧ θ1 + 94θ0 ∧ θ3 + 272 ǫθ1 ∧ θ3 + 92θ2 ∧ θ4
(3.45)
where ǫ = ±1. For these structures 3P − 2M = 0.
Next we assumes that P = 0. Analysing the differential consequences of this assumption, we obtain that
for such structures
dθ1 = − 9Q2δ3 θ0 ∧ θ1 + ǫθ0 ∧ θ2 +
3(2cM−Mω2 )
2δ3
√
ǫM
θ1 ∧ θ2 − 12θ1 ∧ θ5.
In particular, we can further branch into those structures for which Q vanishes and those for which it does
not vanish. The assumption Q 6= 0 allows to perform further normalizations, which determine a unique
coframe on the 5-dimensional manifold. Further analysis shows that there are no homogeneous models in
this branch.
On the other hand, assuming that Q = 0 and analyzing the differential consequences one obtains also that
R = S = 0. The only structures satisfying these assumptions are the submaximally symmetric structures,
with structure equations
dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 = ǫθ0 ∧ θ2 − 12θ1 ∧ θ5
dθ2 = 34 ǫθ
0 ∧ θ3 + θ1 ∧ θ6 − 6θ2 ∧ θ5
dθ3 = 12 ǫθ
0 ∧ θ4 + 2θ2 ∧ θ6
dθ4 = 6θ0 ∧ θ12 + 3θ3 ∧ θ6 + 6θ4 ∧ θ5
dθ5 = − 112ǫθ0 ∧ θ6 − θ1 ∧ θ12 + 112ǫθ2 ∧ θ4
dθ6 = 6θ2 ∧ θ12 − 34ǫθ3 ∧ θ4 − 6θ5 ∧ θ6
dθ12 = 16ǫθ
4 ∧ θ6 − 12θ5 ∧ θ12.
(3.46)
These are Maurer-Cartan equations for sl(3,R) if ǫ < 0 and Maurer-Cartan equations for su(2, 1) if ǫ > 0.
3.6.4 The branch J = L = M = 0, P 6= 0
Looking at the structure equations (3.40), we see that under the assumptions J = L = M = 0 and P 6= 0 we
can normalize the coefficient T 303 to zero, and then, on the subbundle determined by this reduction, express
θ6 in terms of the other forms. Having done that, we compute dθ4 and normalize the coefficient at the θ2∧θ3
term to zero, and then we normalize the coefficient at the θ0 ∧ θ3 term in dθ2 to − 5ǫ4 , where ǫ = sign(P ).
These normalizations determine a 6-dimensional subbundle G6 ⊂ G9 on which θ6, θ8, θ12 are expressible in
terms of the remaining forms θ0, . . . , θ5, which form a coframe. Assuming that the structure equations have
only constant coefficients yields a contradiction, and we conclude that there are no homogeneous models
with 6-dimensional symmetry algebra in this branch. There may be models with 5-dimensional transitive
symmetry algebra in this branch.
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3.6.5 The branch J = 0, L = 0, M = 0, P = 0, Q 6= 0
Here the assumptions allow to normalize the coefficient at θ0 ∧ θ2 of dθ3 to zero, the coefficient at θ0 ∧ θ3 of
dθ3 to one, and the coefficient at θ0 ∧ θ2 of dθ6 to zero. This determines a 6-dimensional subbundle G6 ⊂ G9
given by
s7 = − R
Q
2
3 s5
, s5 = −Q 13 , s4 = 2aω1ω1Q
2−4c3Q2+8cQ2R+2QQω2R−3bQR2+2aR3−2Q2Rω2−3bQ2S
2Q2s53
.
We express the pullbacks of the forms θ5, θ6 and θ12 to G6 in terms of θ0, θ1, θ2, θ3, θ4, θ8. Assuming that
the structure equations have only constant coefficients then quickly implies that they are of the form
dθ0 = θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 = 12θ
0 ∧ θ1 − 3θ1 ∧ θ8
dθ2 = 12θ
0 ∧ θ2 − θ2 ∧ θ8
dθ3 = − 12θ0 ∧ θ3 + θ3 ∧ θ8
dθ4 = − 12θ0 ∧ θ4 + 3θ4 ∧ θ8
dθ8 = − 12θ1 ∧ θ4 + 12θ2 ∧ θ3 .
(3.47)
This system is closed, and can be viewed as the Maurer-Cartan equations of sl(2,R)⊕ sl(2,R) with respect
to a basis of left-invariant forms. In particular, there is a locally unique maximally symmetric homogeneous
model in this branch with 6-dimensional symmetry algebra isomorphic to sl(2,R)⊕ sl(2,R).
There may be homogeneous models with 5-dimensional symmetry algebras in this branch as well.
3.7 Summary
We summarize the main results of this section in the following theorem:
Theorem 2.
• Up to local equivalence, there is a unique homogeneous marked contact Engel structure with 9-dimensional
infinitesimal symmetry algebra. The infinitesimal symmetry algebra is isomorphic to p1. The structure
is characterized by
J = L = M = P = Q = R = S = 0.
• Up to local equivalence, there are precisely two homogeneous marked contact Engel structures with 8-
dimensional infinitesimal symmetry algebra. The infinitesimal symmetry algebras are isomorphic to
sl(3,R) and su(1, 2), respectively. The structures are characterized by
J = L = P = Q = 0 and M 6= 0.
• There are no homogeneous marked contact Engel structure with 7-dimensional infinitesimal symmetry
algebra.
• Up to local equivalence, there are precisely two homogeneous marked contact Engel structures with
6-dimensional infinitesimal symmetry algebras. The respective Maurer-Cartan equations are given in
(3.43) and (3.47); the second symmetry algebra is isomorphic to sl(2,R)⊕ sl(2,R).
• There are examples of homogeneous marked contact Engel structures with 5-dimensional infinitesimal
symmetry algebra, whose Maurer-Cartan equations are given in (3.44) and (3.45).
There may be other, locally non-equivalent homogeneous marked contact Engel structures with 5-
dimensional symmetry algebra as well.
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Table 1: The following graph shows the maximal symmetry dimension for homogeneous models in various
branches of marked contact Engel structures.
J
L
M
P
Q
R
S
maximal
symmetry
(Theorem 1)
no homog.
model
no homog.
model
6-dim.
symmetry
(3.47)
dim.
< 6
P
Q
submaximal
symmetry
(3.46)
no homog.
model
5-dim. sym-
metry (3.45)
5-dim.
symmetry
(3.44)
6-dim. sym-
metry (3.43)
= 0
6= 0
= 0
6= 0
= 0 6= 0
= 0 6= 0
= 0
6= 0
= 0 6= 0
= 0 6= 0
= 0
6= 0
= 0 6= 0
4 Geometric characterizations of certain branches of marked con-
tact Engel structures
In this section we geometrically interpret some of the invariant conditions on marked contact Engel structures
from Theorem 1. Namely, we shall see how the first three of these conditions can be understood as properties
of the filtration
ℓσ ⊂ Dσ ⊂ Hσ ⊂ C ⊂ TM
from Proposition 5 associated with a marked contact Engel structure. We have already shown that the
first condition for Theorem 1, J = 0, is equivalent to the integrability of the rank two distribution Dσ. In
Section 4.2 we show that locally only two cases can occur: either Dσ is indeed integrable, or Dσ is (2, 3, 5)
(see Definition 9 below). We further characterize the integrability of Dσ in terms of special properties,
introduced in Section 4.1, of the line field ℓσ. Moreover, in Section 4.3, we show how to characterize, in the
integrable case, further geometric conditions starting from ℓσ.
4.1 Various types of vector fields inside a contact distribution
Let M be a manifold with a distribution D ⊂ TM. Taking Lie brackets of sections of D defines a filtration
of the tangent bundle of M, called the (weak) derived flag D ⊂ D′ ⊂ D′′ ⊂ . . . of D, where
D′x := [D,D]x = Span{ξx, [ξ, η]x : ξ, η ∈ Γ(D)}, D′′x := [D,D′]x = Span{ξx, [ξ, η]x : ξ ∈ Γ(D′), η ∈ Γ(D)}
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and so on. The sequence (dim(Dx), dim(D′x), . . . ) is called the growth (vector) at a point x ∈ M.
Definition 9. We say that a distribution D on a 5-dimensional manifold M is (2, 3, 5) if its growth vector
is (2, 3, 5), i.e., dim(Dx) = 2, dim(D′x) = 3 and dim(D′′x) = 5 at all points x ∈ M.
Let us focus on a 5-dimensional contact manifold (M, C), where, locally, C = ker θ for a contact form θ.
Let D ⊂ C be a 2-dimensional Legendrian distribution. The growth of D is strictly related to the notion of
type (see [2, 1] for more details) of a vector field inside C defined below.
Definition 10. The type of a vector field Y ∈ Γ(C) is the rank of the following system:
θ , LY (θ) , L2Y (θ) , L3Y (θ) .
Note that, due to the complete non-integrability of the contact distribution, one cannot have vector field
of type 1. Note also that the type depends neither on the choice of θ nor on the length of Y , i.e. it is well
defined the type of a line distribution contained in the contact distribution C. By choosing a contact form
θ, any 1-form α on M determines a vector field Yα lying in the contact distribution by the relations
LYα(θ) = dθ(Yα, · ) = α− α(Z)θ , θ(Yα) = 0 ,
where Z is the Reeb vector field associated with θ. Although Yα depends on the choice of θ, its direction
does not. In the case α = df where f ∈ C∞(M), we simply write Yf instead of Ydf and it will be called the
Hamiltonian vector field associated with f . Hamiltonian vector fields are a special kind of vector field of type
2. We quote the following propositions, whose proofs are contained in [2]. We shall use them in Sections 4.2
and 4.3 for a geometrical interpretation of some invariants of a marked contact Engel structure.
Proposition 14 ([2]). The following statements are equivalent.
1. The vector field Y ∈ C is of type 2.
2. Y is a characteristic symmetry of the distribution Y ⊥.
3. the derived distribution (Y ⊥)′ has dimension 4.
Proposition 15 ([2]). Y is a multiple of a hamiltonian field Yf if and only if (Y ⊥)′ is 4–dimensional and
integrable.
4.2 Equivalent descriptions of Integrability
In this section we shall use the notions introduced in Section 4.1 to provide equivalent descriptions of
integrable marked contact Engel structures.
First, using the coordinate description (3.7) of the osculating filtration ℓσ ⊂ Dσ ⊂ Hσ ⊂ C ⊂ TM it is
straightforward to verify the following Proposition.
Proposition 16.
1. We always have an inclusion (Dσ)′ ⊂ Hσ.
2. There exists a well-defined invariant map
ΦJ : Λ
2Dσ → Hσ/Dσ, ξx ∧ ηx 7→ [ξ, η]x modDσ.
whose vanishing is equivalent to integrability of the distribution Dσ.
3. In the parametrization (3.6), integrability of Dσ is equivalent to
J = −ξ4(t) = (x1 + 3tx2)tx0 + t3tx1 − t2tx2 + ttx3 − tx4 = 0. (4.1)
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Proposition 17. The distribution Dσ is either integrable or of (2, 3, 5)–type.
Proof. Let us assume Dσ non-integrable. Then
Dσ ′′ = 〈ξ4 , ξ3 , [ξ4, ξ3] , [ξ4, [ξ4, ξ3]] , [ξ3, [ξ4, ξ3]]〉 . (4.2)
The dimension of Dσ ′′ is less than 5 if and only if the determinant of the 5 × 5 matrix formed by the
components of vector fields of (4.2) is zero. Such condition is ξ4(t) = 0, that in view of Proposition 16
implies the integrability of Dσ , that contradicts our initial hypothesis.
Recall that we denote by Hσ = (ℓσ)⊥ the symplectic orthogonal to ℓσ ⊂ C.
Proposition 18. The following statements are equivalent:
1. J = 0.
2. Dσ is integrable.
3. dim
(Hσ′) = 4.
4. Any vector field in ℓσ is of type 2.
5. Any vector field in ℓσ is a characteristic symmetry of the distribution Hσ.
Proof. The equivalence between point 1 and 2 has already been proven in Proposition 16.
2 implies 3. In general, since Hσ = 〈ξ4, ξ3, ξ2〉, we have Hσ ′ = 〈ξ4, ξ3, ξ2, [ξ4, ξ3], [ξ4, ξ2], [ξ3, ξ2]〉. If Dσ =
〈ξ4, ξ3〉 is integrable, then Hσ′ is spanned by ξ4, ξ3, ξ2, [ξ4, ξ2], [ξ3, ξ2], and a direct calculation shows that the
condition that it has rank equal to 4 is precisely J = 0.
3 implies 2. By contradiction, let us suppose that Dσ is not integrable. Then Dσ ′⊥ = ℓσ that implies
Dσ ′′ = Hσ ′, that in view of Proposition 17 is 5–dimensional, a contradiction.
3, 4 and 5 are equivalent because of Proposition 14.
Remark 13. Proposition 18 shows that for integrable marked contact Engel structures, the filtration
Dσ ⊂ Hσ ⊂ Hσ ′ ⊂ TM
is preserved under the Lie derivative of any vector field contained in ℓσ. In particular, it descends to a
filtration on the local leaf space of the foliation determined by ℓσ.
4.3 Two more conditions on integrable marked contact Engel structures
Suppose that J = 0. Then, by Proposition 18, any vector field in ℓσ is a characteristic symmetry of the
distribution Hσ and consequently also of Hσ ′. It follows that, if J vanishes, the Lie bracket of vector fields
induces a well defined map
ΦL : Dσ/ℓσ ⊗ (Hσ′/Hσ)→ TM/Hσ′.
With respect to the frame (3.8), the map is determined by a single function. Vanishing of ΦL is equivalent
to L = 0.
Proposition 19. Suppose that J = 0. The following statements are equivalent:
1. L = 0.
2. Any vector field contained in the distribution Dσ is an internal symmetry of Hσ ′.
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Proof. Since Dσ is integrable, in view of Proposition 18 the distribution Hσ′ is 4–dimensional. It is spanned
by vectors ξ4, ξ3, ξ2 (that are inside Hσ) and by an extra vector
[ξ3, ξ2] = −3∂x0 − 3(3x2tx0 − 3t2tx1 + tx3)∂x1 − 2(3ttx1 − tx2)∂x2
In view of the integrability of Dσ and in view of the fact that ξ4 is a characteristic symmetry of Hσ (and
then also of Hσ ′), see Proposition 14, we have that the vector fields in Dσ are symmetries of Hσ′ if and only
if [ξ3, [ξ3, ξ2]] ∈ Hσ ′. This is equivalent to L = 0.
By Proposition 19, if J = L = 0, then the Lie bracket of vector fields induces a well-defined map
ΦM : Λ
2Hσ ′/Dσ → TM/Hσ′.
With respect to the frame (3.8), it corresponds to a single function. Vanishing of ΦM means precisely that
M = 0.
Proposition 20. Suppose that J = L = 0. The following statements are equivalent:
1. M = 0.
2. The distribution Hσ′ is 4-dimensional and integrable.
3. The direction ℓσ is a Hamiltonian direction.
Proof. 1 is equivalent to 2. In fact, in view of the reasonings contained in the proof of Proposition 19, under
our assumption Hσ ′ is integrable if and only if [ξ2, [ξ3, ξ2]] ∈ Hσ ′. Recalling that Hσ′ = 〈ξ4, ξ3, ξ2, [ξ3, ξ2]〉
(see Proposition 19), it is straightforward to realize that [ξ2, [ξ3, ξ2]] ∈ 〈ξ4, ξ3, ξ2, [ξ3, ξ2]〉 if and only ifM = 0.
2 is equivalent to 3. It follows from Proposition 15.
5 A Kerr theorem for contact Engel structures
In Section 5.1 we show how to construct a general integrable marked contact Engel structure. We state
this result in Theorem 3 in analogy to Penrose’s formulation of Kerr’s theorem from relativity. In Section
5.3 we give a twistorial interpretation of the result. We show that integrable marked contact Engel struc-
tures are in local 1-1 correspondence with generic hypersurfaces in the twistor space G2/P1, see Corollary
1. Via this correspondence, highly symmetric integrable marked contact Engel structures correspond to
highly symmetric hypersurfaces of G2/P1. We use this correspondence to give a description of the maximal
and submaximal models, having symmetry algebras p1, sl(3,R) and su(1, 2), respectively, in Section 5.4.
Moreover, we investigate the geometric structures hypersurfaces in G2/P1 inherit from the geometry of the
ambient space.
5.1 Local description of integrable marked contact Engel structures: the Kerr
theorem
In this section we show how to find the general solution to the non-linear PDE
J = (x1 + 3tx2)tx0 + t
3tx1 − t2tx2 + ttx3 − tx4 = 0. (5.1)
This is analogous to a result from relativity attributed to Kerr, see e.g. [29, 35]. We thus refer to it as a
Kerr theorem for Engel structures5.
Theorem 3 (Kerr theorem for contact Engel structures). The general smooth solution to the equation (5.1)
is obtainable locally by choosing an arbitrary smooth function F of five variables and solving the equation
F (x0 + x1x4 + 3tx2x4 − t3(x4)2, x1 + t3x4, x2 − t2x4, x3 + tx4, t) = 0
for t in terms of x0, x1, x2, x3, x4.
5We state our theorem in parallel to Penrose’s formulation of the original Kerr theorem, as in [29, Theorem 7.4.8].
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Proof. We introduce the following variables
y0 = x0 + x1x4 + 3tx2x4 − t3(x4)2, y1 = x1 + t3x4, y2 = x2 − t2x4, y3 = x3 + tx4. (5.2)
As in the proof of Proposition 16 one sees that dω0 ∧ ω0 ∧ ω1 ∧ ω2 = 0, dω1 ∧ ω0 ∧ ω1 ∧ ω2 = 0 and in the
new variables we have
dω2 ∧ ω0 ∧ ω1 ∧ ω2 = −2 dt ∧ dy0 ∧ dy1 ∧ dy2 ∧ dy3.
The latter expression vanishes if and only if there exists a smooth function F of five variables such that
F (t, y0, y1, y2, y3) = 0. On the other hand, the proof of Proposition 16 shows that vanishing of dω2 ∧ ω0 ∧
ω1 ∧ ω2 is equivalent to J = 0.
Example 1. To give an example how Theorem 3 works, we consider F (t, y0, y1, y2, y3) = t− sy3−y1
y2
, where
s is an arbitrary constant. Then we find t as a function of x0, x1, x2, x3, x4 from
t =
sy3 − y1
y2
=
sx3 + tsx4 − x1 − t3x4
x2 − t2x4 .
This gives
t =
x1 − sx3
−x2 + sx4 ,
and one can check by a direct calculation that it satisfies (5.1).
Remark 14. An operational answer to how the variables (5.2) were obtained is that we were rewriting the
co-frame forms from (3.9) as
ω4 = dx4
ω3 = d(x3 + tx4)− x4dt
ω2 = d(x2 − t2x4) + 2tω3 + 2tx4dt
ω1 = d(x1 + t3x4)− 3t2x4dt+ 3tω2 − 3t2ω3
ω0 = d(x0 + 3tx2x4 + x1x4 − t3x42)− x4ω1 − 3(x2 − t2x4)ω3 − 3x4(x2 − t2x4)dt.
5.2 Local coordinates adapted to the G2 double fibration
In analogy with the classical Kerr Theorem, we also have a geometrical interpretation of Theorem 3 in
terms of a twistorial correspondence, which is given in Corollary 1 in the next section. Our proof of this
correspondence uses local coordinates adapted to the double filtration for G2 depicted below.
G2/P1,2
(x0, x1, x2, x3, x4, x5)
(y0, y1, y2, y3, y4, y5)
G2/P2
(x0, x1, x2, x3, x4, x5)
G2/P1
(y0, y1, y2, y3, y4, y5)
π 2
∂ x
5
π
1
∂
y 5
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Let (θ0, θ1, . . . , θ13) be the coframe of left-invariant forms on G2 corresponding to a basis of g as in
(7.1). This coframe is adapted to the grading of the Lie algebra g in such a way that each leaf of the
integrable distribution of the kernel of the eight left-invariant forms θ5, θ6, θ8, θ9, θ10, θ11, θ12, θ13 on G2
from (7.2) corresponds to a section of G2 → G2/P1,2. The pullbacks ω0, ω1, ω2, ω3, ω4, ω7 of the forms
θ0, θ1, θ2, θ3, θ4, θ7 to a leaf satisfy
dω0 = ω1 ∧ ω4 − 3ω2 ∧ ω3, dω1 = 3ω2 ∧ ω7, dω2 = 2ω3 ∧ ω7, dω3 = ω4 ∧ ω7, dω4 = 0, dω7 = 0.
We integrate this system in two ways. One yields local coordinates (x0, x1, x2, x3, x4, x5) on G2/P1,2 such
that
ω0 = dx0 + x1dx4 − 3x2dx3
ω1 = dx1 + 3x5dx2 + 3(x5)2dx3 + (x5)3dx4
ω2 = dx2 + 2x5dx3 + (x5)2dx4
ω3 = dx3 + x5dx4
ω4 = dx4,
ω7 = −dx5,
(5.3)
Denoting by ξ0, ξ1, ξ2, ξ3, ξ4, ξ7 the dual frame, the vertical bundle for π1 is spanned by
ξ4 = −(x1 + 3x5x2)∂x0 − (x5)3∂x1 + (x5)2∂x2 − (x5)∂x3 + ∂x4 ,
the vertical bundle for π2 is spanned by
ξ7 = −∂x5 .
We can view (x0, x1, x2, x3, x4) as local coordinates on G2/P2, then
π2 : (x
0, x1, x2, x3, x4, x5) 7→ (x0, x1, x2, x3, x4),
i.e., x5 is the fibre coordinate for π2.
The other way of integrating yields local coordinates (y0, y1, y2, y3, y4, y5) on G2/P1,2 such that
ω0 = dy0 − y5dy1 − 3y4y5dy2 − 3(y2 + y5(y4)2)dy3
ω1 = dy1 + 3y4dy2 + 3(y4)2dy3
ω2 = dy2 + 2y4dy3
ω3 = dy3 − y5dy4
ω4 = dy5,
ω7 = −dy4.
(5.4)
In these coordinates the field ξ4 spanning the vertical bundle for π1, is rectified, i.e., we have
ξ4 = ∂y5 ,
and
ξ7 = −3y5y2∂y0 − 3(y4)2y5∂y1 + 2y4y5∂y2 − y5∂y3 − ∂y4 .
We can view (y0, y1, y2, y3, y4) as coordinates on G2/P1. Then
π1 : (y
0, y1, y2, y3, y4, y5) 7→ (y0, y1, y2, y3, y4),
i.e., y5 is the fibre coordinate for π1.
A change of coordinates from (x0, x1, x2, x3, x4, x5) to (y0, y1, y2, y3, y4, y5) is given by
y0 = x0 + x1x4 + 3x5x2x4 − (x5)3(x4)2, y1 = x1 + (x5)3x4,
y2 = x2 − (x5)2x4, y3 = x3 + x5x4, y4 = x5, y5 = x4. (5.5)
Similar coordinate transformations can be found e.g. in [22, 20].
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5.3 Geometrical interpretation of the Kerr theorem for contact Engel structures
Having set up the coordinate systems, the geometrical interpretation of Theorem 3, given in Corollary 1, is
now almost immediate.
Corollary 1. Consider the double fibration
G2/P1,2
π2
ξ4
yytt
tt
tt
tt
t
π1
ξ7
%%
❑❑
❑❑
❑❑
❑❑
❑
G2/P2 G2/P1.
(5.6)
There is a local bijective correspondence between integrable sections of π2 and hypersurfaces Σ ⊂ G2/P1
which are generic in the sense that their preimages π1
−1(Σ) intersect the fibres π2−1(x) transversally.
Proof. Any local section σ : U → G2/P1,2, with U ⊂ G2/P2, defines a hypersurface in G2/P1,2 locally given
in terms of coordinates (x0, x1, x2, x3, x4, x5) by its graph
x5 = t(x0, x1, x2, x3, x4).
By Proposition 16, the integrability condition reads
0 = −(x1 + 3tx2)tx0 − t3tx1 + t2tx2 − ttx3 + tx4 = ξ4(t)|σ(U).
Since ξ4 spans the vertical bundle of π1, this means that σ(U) is tangential to the fibres of π1, which implies
that σ defines a hypersurface in G2/P1.
Conversely, let Σ be a hypersurface in G2/P1 such that π−11 (Σ) is transversal to the fibres of π2. Because
of this genericity assumption on Σ, we may apply the implicit function theorem and write π−11 (Σ), locally,
as the graph of a section x5 = t(x0, x1, x2, x3, x4). By construction ξ4·t|σ(U) = 0, that is, the section is
integrable.
We conclude this section with a number of remarks, each of which deserves further investigations. Recall
that a marked contact Engel structure can be viewed as a (local) foliation of G2/P2 by unparametrized
curves whose tangent directions are contained in γ ⊂ P(C). We called such a foliation a γ-congruence in
Proposition 4. Note that Σ appearing in the Corollary 1 can be locally identified with its leaf space.
Remark 15. (On geodesics for Weyl connections) For contact twisted cubic structures, there exists
a class of distinguished connections on the tangent bundle preserving the geometric structure, which are
known as Weyl connections. A choice of contact form uniquely determines a connection from the class of
Weyl connections. It is an algebraic computation to determine how a Weyl connection transforms under a
change of contact form, see [13, Proposition 5.1.6]. In particular, using the transformation formula, it is
straightforward to verify that if an unparametrised curve whose tangent directions are contained in γ ⊂ P(C)
is a geodesic for one Weyl connection, i.e., ∇c′c′ ∝ c′, then it is a geodesic for any other Weyl connection as
well. We shall call these curves γ-geodesics. In the case of the flat model, i.e., the contact Engel structure,
the γ-geodesics are then just curves of the form g exp(tX)·o ⊂ G2/P2 with X an element in the highest
weight orbit of G0 on g−1.
Returning to the coordinate representation (3.6) of marked contact Engel structures, here the Weyl connec-
tion ∇ determined by the contact form α0 is such that it preserves the coframe (α0, α1, α2, α3, α4) in all hori-
zontal directions, i.e., ∇Xαi = 0 for all X ∈ Γ(C). In terms of this Weyl connection, ∇ξ4ξ4 = −tω4ξ3 = Jξ3,
where ℓσ = Span(ξ4). Hence, the condition that a γ-congruence consists entirely of γ-geodesics is precisely
the integrability condition J = 0. (Note that this means that the relative invariant J is an obstruction against
the existence of a Weyl connection that preserves the marked contact Engel structure.)
There are further viewpoints on the G2-correspondence discussed here and results that should be useful
in this context, we refer e.g. to [5, 8, 14, 22, 20, 19].
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Our next remarks concern the geometric structures that a hypersurface Σ ⊂ G2/P1 inherits from the
ambient geometry on G2/P1. The G2-homogeneous space G2/P1 is equipped with a G2-invariant (2, 3, 5)
distribution D(2,3,5) (see Definition 9), first discovered by Cartan and Engel [11, 15]. Taking the pullback
of the 1-forms ω0, ω1, ω2, ω3, ω7 on G2/P1,2 as in (5.4) by any section of π1 : G2/P1,2 → G2/P1 defines a
co-frame on G2/P1. This coframe is adapted to the G2-invariant (2, 3, 5)-distribution D(2,3,5) in the sense
that
D(2,3,5) = ker(ω0, ω1, ω2),
with derived rank 3 distribution
(D(2,3,5))′ = [D(2,3,5),D(2,3,5)] = ker(ω0, ω1).
Remark 16. (On 3rd order ODEs 1) Consider the section of π2 : G2/P1,2 → G2/P1 corresponding to
y5 = 0, rename the coordinates as usual jet coordinates as follows
y0 = y, y1 = z, y2 = y′, 3y3 = x, − 23y4 = y′′,
and change the co-frame by an admissible transformation (in other words, we are putting it into Goursat
normal form):
ωˆ0 = ω0 = dy − y′dx
ωˆ1 = ω1 − 3y4ω2 = dz − 94 (y′′)2dx
ωˆ2 = dy′ − y′′dx
ωˆ3 = 3ω3 = dx
ωˆ7 = 32ω
7 = dy′′.
This shows that integral curves c(x) = (x, y(x), y′(x), y′′(x), z(x)) of the distribution ker(ω0, ω1, ω2) are
solutions to the Hilbert-Cartan equations z′ = 94y
′′2.
Now consider a hypersurface Σ ⊂ G2/P1 given as as H(x, y, y′, y′′, z) = 0. Differentiating and inserting
the Hilbert-Cartan equation, we get an explicit third order ODE on y = y(x),
y′′′ = − 1
Hy′′
(94y
′′2 +Hx −Hyy′ −Hy′y′′).
Remark 17. (On 3rd order ODEs 2) Here we take another viewpoint. Recall that a distribution with
growth vector (2, 3, 4) is called an Engel distribution (see e.g. [8, 7]). It is well known that the derived
rank 3 distribution of an Engel distribution admits a unique line field spanned by a characteristic symmetry
contained in the Engel distribution. We refer to it as the characteristic line field. More precisely, there exist
local coordinates (x, y, y′, y′′) such that the Engel distribution is generated by
d
dx = ∂x + y
′∂y + y′′∂y′ , ∂y′′ ,
where ∂y′′ spans the characteristic line field. Any line field transversal to ∂y′′ is generated by D =
d
dx+F ∂y′′ ,
for some smooth function F , to which is associated the third order ODE
y′′′ = F (x, y, y′, y′′).
The geometry consisting of an Engel disribution together with a transversal line field is itself a parabolic
geometry, modeled on Sp(4,R)/P, where P is the Borel subgroup [34, 7].
Now let Σ be a hypersurface in G2/P1. One verifies that in terms of the geometry on G2/P1, the genericity
condition of Corollary 1, namely, that π−11 (Σ) be transversal to fibres of π2, can be rephrased as the condition
that at each point p ∈ Σ the tangent space of Σ and the (2, 3, 5)-distribution D(2,3,5) intersect in a line. In
particular, this yields a line distribution LΣ ⊂ TΣ on Σ (and Σ is thus foliated by integral curves). Likewise,
the rank three distribution (D(2,3,5))′ on G1/P1 gives rise to a rank two distribution HΣ ⊂ TΣ.
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It turns out that distribution HΣ is maximally non-integrable, i.e., it is an Engel distribution, if and only
if an additional genericity condition on the hypersurface Σ is satisfied. Computing shows that this condition
is equivalent to L 6= 0 as in Theorem 1. Suppose that L 6= 0 and let KΣ ⊂ HΣ be the characteristic line field
of the Engel distribution HΣ. Then one further verifies that the fields KΣ and LΣ are linearly independent,
and thus one has a direct sum decomposition HΣ = KΣ ⊕ LΣ. By the above discussion, this equips Σ with
the structure of a third order ODE (considered modulo contact transformations), or equivalently, a parabolic
geometry modeled on Sp(4,R)/P .
Remark 18. (On the induced conformal structures) For our final remark, we recall that G2/P1 carries
a G2-invariant conformal class of metrics [g] of signature (2, 3), with respect to which D(2,3,5) is totally null,
see [25]. When G2/P1 is identified with the projectivized null cone P(N ) = {[X ] ∈ R3,4 : h(X,X) = 0}, then
this conformal structure is induced from the G2-invariant metric h on R
3,4.
One can pullback the G2-invariant conformal class [g] to the hypersurface Σ ⊂ G2/P1, which yields an
induced non-degenerate conformal structure on Σ if and only if the relative invariant M−P as in Proposition
13 is non-vanishing.
5.4 Maximal and submaximal models for marked contact Engel structures re-
visited
We shall use the correspondence between integrable marked contact Engel structures and hypersurfaces in
the twistor space to describe the maximal and submaximal models derived in Section 3.
Let Φ ∈ Λ3(R3,4)∗ be the defining three form of the group G2 and let h ∈
⊙2
(R3,4)∗ be the G2-invariant
bilinear form of signature (3, 4). Then homogeneous spaces occurring in the double fibration (1.5) admit the
following descriptions (see e.g. [5, 22, 32]):
• G2/P1 can be identified with the projectivized null cone P(N ) of all 1-dimensional subspaces L ⊂ R3,4
that are null with respect to h,
• G2/P2 can be identified with the set of 2-dimensional totally null subspaces Π ⊂ R3,4 that insert
trivially into the defining 3-form Φ,
• G2/P1,2 can be identified with the correspondence space of all pairs (L,Π) ∈ G2/P1 ×G2/P2, where
L ⊂ Π.
A fibre π2−1(Π) can be identified with the set of all 1-dimensional subspaces contained in Π and is thus
isomorphic to RP1. A fibre π1−1(L) can be identified with the set of all totally null 2-dimensional subspaces
Π that insert trivially into Φ and contain L; this is the set of 2-dimensional subspaces of the 3-dimensional
null subspace
AnnΦ(L) = {X ∈ R3,4 | Φ(L, X, ·) = 0} ⊂ R3,4,
and hence also isomorphic to RP1.
Viewing G2/P1 = P(N ) as a projectivized null cone, the simplest kinds of hypersurfaces in G2/P1 are
obtained by intersecting the null cone with a 6-dimensional subspace W ⊂ R3,4 and projectivizing. Such
hyperplanes W = L⊥ split into three classes according to whether its annihilator L is a lightlike, timelike or
spacelike line. It is further known that the group G2 acts transitively on the set of, respectively, lightlike,
timelike, spacelike lines L ⊂ R3,4 and that
• StabG2(L) = P1 iff 〈L,L〉 = 0,
• StabG2(L) = SU(1, 2) iff 〈L,L〉 > 0,
• StabG2(L) = SL(3,R) iff 〈L,L〉 < 0.
Each of these groups has a unique open orbit in P(N ), which is contained in the space P(N ∩ L⊥), see e.g.
[33].
According to Theorem 1, there are corresponding marked contact Engel structures, which we can easily
describe explicitly:
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Proposition 21. The subset
ML := {Π ∈ G2/P2 | dim(Π ∩ L⊥) = 1} ⊂ G2/P2 (5.7)
is equipped with a canonical StabG2(L)-invariant marked contact Engel structure
σ(Π) := (Π,Π ∩ L⊥) ∈ G2/P1,2 . (5.8)
Clearly, if we fit (5.7) into the double fibration (1.5), then for σ :ML → π−12 (ML) ⊂ G2/P1,2 defined as
in (5.8), the corresponding hypersurface ΣL := π1(σ(ML)) is contained in P(N ∩ L⊥).
Remark 19. By looking at the three cases individually we can see that ΣL indeed coincides with the open
StabG2(L)-orbit in P(N ∩ L⊥).
If 〈L,L〉 = 0, the StabG2(L) ∼= P1 preserves a filtration
L ⊂ D ⊂ D⊥ ⊂ L⊥ ⊂ V,
where D := AnnΦ(L) = {X ∈ R3,4 | Φ(L, X, ·) = 0} ⊂ R3,4. The open StabG2(L)-orbit consists of all
null lines contained in L⊥ but transversal to D⊥. Now suppose that a 2-plane Π ∈ G2/P2 has non-trivial
intersection with D⊥. Then, since D is maximally isotropic, a null line contained in the intersection has to
be already contained in D. Using the terminology from [9], this implies that any element X ∈ L and any
element Y ∈ Π are two rolls away from each other and then Theorem 10 in [9] shows that 〈X,Y 〉 = 0, hence
Π ⊂ L⊥. This shows that ΣL is contained in the open StabG2(L)-orbit and equality follows from the fact that
ΣL is also invariant under the StabG2(L)-action.
If 〈L,L〉 < 0, we have StabG2(L) ∼= SL(3,R) which preserves the following decomposition
R
7 = L⊕ L⊥ = L⊕ U⊕ U∗.
The group SL(3,R) acts transitively on PU, PU∗ and the open orbit of all null lines in L⊥ that are neither
contained in U nor U∗, respectively, see [33]. The open orbit is ΣL; this follows from the fact that if a null
line L′ is contained in one of the spaces U or U∗, then its Φ-annihilator AnnΦ(L′) is contained in L⊥.
If 〈L,L〉 > 0, the group StabG2(L) ∼= SU(1, 2) acts transitively on P(N ∩ L⊥).
Proposition 22. The structures from Proposition 21 realize maximally symmetric and submaximally sym-
metric models of marked contact twisted cubic structures. Their infinitesimal symmetry algebras are p1,
sl(3,R), and su(1, 2), respectively.
Proof. It is known that the infinitesimal symmetry algebra of a contact twisted cubic structure is either of
dimension 14, in which case it is the Lie algebra g of G2, or else the dimension is ≤ 7, see [21]. This implies
that if the infinitesimal symmetry algebra of a marked contact twisted cubic structure has dimension 8 or
9, then it is a subalgebra of the Lie algebra g of G2 and the underlying contact twisted cubic structure is a
contact Engel structure.
By construction, the marked contact Engel structures from Proposition 21 are invariant under p1, sl(3,R)
and su(1, 2), respectively. It remains to show that the infinitesimal symmetry algebras of these structures are
not bigger, but this follows from the fact that p1, sl(3,R) and su(1, 2) are maximal subalgebras of g [4].
Remark 20. Of course, it follows from the analysis in Section 3 that, up to local equivalence, the structures
from Proposition 21 are the unique homogeneous marked contact Engel structures having infinitesimal sym-
metry algebras of dimension eight or nine. Alternatively, with a little more work, we could recover this fact
from purely algebraic considerations at this point using that we know the subalgebras of g.
6 Considerations about general marked contact twisted cubic struc-
tures
The discussion of this section applies to general marked contact twisted cubic structures, i.e., here we shall
not restrict our considerations to marked contact Engel structures. We will regard marked contact twisted
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cubic structures as particular types of filtered G0-structures in this section. For references on the general
material used in this section see [37, 23, 38, 39, 13, 12].
In Section 6.1 we review the (algebraic) Tanaka prolongation and some of its implications. The compu-
tation of the Tanaka prolongation implies the existence of a canonical coframe on a 9-dimensional bundle
associated with any marked contact twisted cubic structure in a natural manner.
In Section 6.2, we briefly address the existence question of a canonical Cartan connection for marked
contact twisted cubic structures, that is, of a canonical coframe with particularly nice properties. We
show that, for algebraic reasons, the constructions of canonical Cartan connections from [23] or [12] are
not applicable to our case. In particular, for the filtered G0-structures we are considering, a normalization
condition in the sense of [12] does not exist.
6.1 Tanaka prolongation and applications
Recall, see Proposition 3, that a contact twisted cubic structure can be equivalently regarded as a contact
structure C ⊂ TM together with a reduction of the graded frame bundle F → M with respect to an irre-
ducible representation ρ : GL(2,R)→ CSp(2,R). A marked contact twisted cubic structure, see Proposition
4, can be seen as a further reduction of F → M with respect to the restriction ρ : B → CSp(2,R) of ρ to
the Borel subgroup B ⊂ GL(2,R). In the terminology of [23, 12], this means that
• a contact twisted cubic structure is a filtered G0-structures of type m, where G0 is the irreducible
GL(2,R), and
• a marked contact twisted cubic structure is a filtered Q0-structures of type m, where Q0 is the Borel
subgroup B ⊂ GL(2,R).
In both cases m = m−2 ⊕m−1 is the 5-dimensional Heisenberg Lie algebra.
Now suppose m = m−k⊕· · ·⊕m−1 is any fundamental graded Lie algebra, where fundamental means that
it is generated as a Lie algebra by m−1. Let g0 ⊂ Dergr(m) be a subalgebra of the Lie algebra Dergr(m) of
Autgr(m). Tanaka introduced the following algebraic object, which plays a fundamental role in his approach
to the equivalence problem of filtered G0-structures.
Proposition 23. ([37]) There exists a unique, up to isomorphism, graded Lie algebra g(m, g0), called the
(algebraic) Tanaka prolongation of the pair (m, g0), satisfying the following conditions:
1. The non-positive part is m⊕ g0, i.e., g(m, s)i = mi for i < 0 and g(m, g0)0 = g0.
2. If X ∈ g(m, g0)i for some i > 0 satisfies [X,m−1] = {0}, then X = 0.
3. g(m, g0) is maximal among the graded Lie algebras satisfying (1) and (2).
Let g =
⊕
i∈Z gi be a graded Lie algebra satisfying (1) and (2) from Proposition 23. The condition that
g be the Tanaka prolongation of (m, g0) can be expressed in terms of the Lie algebra cohomology H∗(m, g)
with respect to the representation ad : m→ gl(g); this is the cohomology of the cochain complex (C(m, g), ∂)
where Cq(m, g) := Λqm∗ ⊗ g and ∂ : Cq(m, g) → Cq+1(m, g) is the standard differential. Note that since
m and g are graded Lie algebras, also the cochain spaces are naturally graded, and since ∂ preserves the
homogeneous degree of maps, we have an induced grading on the cohomology spaces. We shall denote the
lth grading component by a subscript l. Then (see e.g. [38]) the graded Lie algebra g is the prolongation of
(m, g0) if and only if H1(m, g)l = 0 for all l > 0. If g is simple, the Lie algebra cohomologies can be computed
using Kostant’s theorem (see e.g. [13] for an account of Kostant’s theorem).
Example 2. Let g be the Lie algebra of G2 equipped with its contact grading
g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2
as discussed in Section 2.3. Then m = g−2 ⊕ g−1 is the 5-dimensional Lie Heisenberg algebra and, via the
restriction of the adjoint representation, g0 is a subalgebra of Dergr(m). Utilizing Kostant’s theorem, one
shows that H1(m, g)l = 0 for all l > 0, see [38], and therefore g is the Tanaka prolongation of (m, g0).
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Let q0 ⊂ g0 ⊂ Dergr(m) be a subalgebra, then the Tanaka prolongation q = g(m, q0) of the pair (m, q0)
is a graded subalgebra of g = g(m, g0), where, for positive i,
qi = {X ∈ gi : [X, g−1] ⊂ qi−1}.
This immediately leads to the following:
Proposition 24. Let g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2 be the Lie algebra of G2 equipped with its contact
grading, m = g−2 ⊕ g−1 the 5-dimensional Heisenberg Lie algebra, and let q0 ⊂ g0 ∼= gl(2,R) be the Borel
subalgebra. Then the Tanaka prolongation q of (m, q0) is a 9-dimensional Lie algebra isomorphic to the
parabolic subalgebra p1 ⊂ g.
Proof. Let q = q−2 ⊕ q−1 ⊕ q0 ⊕ q1 be the subalgebra of g spanned by the Cartan subalgebra and all root
spaces corresponding to black nodes in the following root diagram of G2 :
g2
g−2
g1
g−1
g0
q−2
q1
q−1
q0
Then q is a graded Lie algebra satisfying properties (1) and (2) from Proposition 23. Moreover, there is
no proper subalgebra q′ ⊂ g containing q. This can be either deduced from the above root diagram, by
observing that any subalgebra q′ containing q and in addition a root space corresponding to a white root
has to be all of g. Alternatively, it immediately follows from the fact that a Lie algebra of root type G2 has
no subalgebra of dimension bigger than 9. Hence property (3) of Proposition 23 is satisfied as well.
Remark 21. Identifying g−1 ∼= S3R2, the Borel subalgebra q0 ⊂ g0 is the stabilizer of a line Span(l) ⊂ R2,
equivalently, of a line Span(l⊙ l⊙ l) ⊂⊙3R2. Recall that g1 = (g−1)∗ via the Killing form, and then q1 can
be viewed as the annihilator of the 3-dimensional subspace Span({X ⊙ Y ⊙ l : X,Y ∈ R2}) of ⊙3R2 = g−1.
Given a filtered G0-structure of type m such that the Tanaka prolongation of the pair (m, g0) is finite-
dimensional, Tanaka theory
• provides a procedure to construct, in a natural manner, a bundle G → M of dimension dim(g(m, g0))
together with a coframe ω (an absolute parallelism) on G (and it predicts the number of prolongation
steps to be done to arrive there),
• and it establishes dim(g(m, g0)) as a sharp upper bound for the dimension of the infinitesimal symmetry
algebra of the filtered G0-structure.
Applied to marked contact twisted cubic structures, as a Corollary to Proposition 24, this yields the
following:
Corollary 2.
• To any marked contact twisted cubic structure there is a naturally associated 9-dimensional bundle
equipped with a canonical coframe.
• The dimension of the Lie algebra of infinitesimal symmetries of a marked contact twisted cubic structure
is ≤ 9.
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6.2 Canonical Cartan connections and the problem of finding a normalization
condition
Given a filtered G0-structure of type m with algebraic Tanaka prolongation g = g(m, g0), it is a natural
question to ask whether there exists a canonical Cartan connection associated with the structure. This
question has been studied in [23], where a general criterion (the “condition (C)”) ensuring the existence of
a canonical Cartan connection is given, and more recently in [12], where the essential step to obtaining a
canonical Cartan connection is to find a normalization condition with certain algebraic properties.
6.2.1 Cartan geometries
For a comprehensive introduction to Cartan geometries and applications of the concept see [13].
Let G/P be a homogeneous space, let g be the Lie algebra of G and p the Lie algebra of P . A Cartan
geometry of type (g, P ) on a manifold M is a pair (G →M, ω), where G →M is a P -principal bundle and
ω ∈ Ω1(G, g) a Cartan connection, i.e., a Lie algebra valued 1-form satisfying
1. ωu : TuG → g is an isomorphism for all u ∈ G,
2. ω(ζX) = X for all X ∈ p,
3. (rp)∗ω = Ad(p−1)ω,
where rp denotes the right action of P on G and ζX the fundamental vector field generated by X ∈ p.
The homogeneous (flat) model of a Cartan geometry of type (g, P ) is the principal bundle G → G/P
together with the Maurer-Cartan form ωMC on G. The curvature of a Cartan geometry is the 2-form
K = dω+ 12 [ω, ω] ∈ Ω2(G, g). It is equivariant for the principal P -action and horizontal, i.e. K(ζX , ·) = 0 for
any X ∈ p, which implies that it can be equivalently viewed as an equivariant function K : G → Λ2(g/p)∗⊗g.
The curvature vanishes if and only if the Cartan geometry is locally isomorphic to the homogeneous model;
in this case the Cartan geometry is called flat.
6.2.2 Normalization conditions
Given a filtered G0-structure of type m, let g = g(m, g0) be the algebraic Tanaka prolongation. Let P be a Lie
group with Lie algebra the non-negative part g0 of g. Then the curvature function of any Cartan connection
of type (g, P ) takes values in Λ2(g/g0)∗ ⊗ g, which is naturally filtered, and the associated graded space
gr(Λ2(g/g0)∗⊗g) can be identified with Λ2m∗⊗g. The latter space is the space of 2-cochains in the standard
complex computing the Lie algebra cohomologyH∗(m, g). As before we denote by ∂ : Λkm∗⊗g→ Λk+1m∗⊗g
the coboundary operators in that complex and we denote the ith grading component by a subscript i.
Definition 11. [12, Definition 3.3] A normalization condition for Cartan geometries of type (g, P ) is a
P -invariant linear subspace N ⊂ Λ2(g/g0)∗ ⊗ g such that for each i > 0 the subspace gr(N )i ⊂ (Λ2m∗ ⊗ g)i
is complementary to the image of ∂ : (m∗ ⊗ g)i → (Λ2m∗ ⊗ g)i.
6.2.3 Analysis for marked contact twisted cubic structures
Recall the algebraic setup: Let g be the Lie algebra of G2 endowed with its contact grading g =
⊕2
i=−2 gi
and q =
⊕1
i=−2 qi the graded subalgebra from Proposition 24. In particular, m = g−2 ⊕ g−1 = q−2 ⊕ q−1
is the 5-dimensional Heisenberg algebra. We ask whether we can find a normalization condition for Cartan
geometries of type (q, Q0), where Q0 is a Lie group with Lie algebra q0 = q0 ⊕ q1.
The inclusion q →֒ g induces inclusions of the corresponding cochain spaces and we obtain the following
commuting diagram
0 −→ g ∂˜−→ m∗ ⊗ g ∂˜−→ Λ2m∗ ⊗ g ∂˜−→ Λ3m∗ ⊗ g ∂˜−→ . . .
↑ ↑ ↑ ↑
0 −→ q ∂−→ m∗ ⊗ q ∂−→ Λ2m∗ ⊗ q ∂−→ Λ3m∗ ⊗ g ∂−→ . . .
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We know that H1(m, g)l = 0 and H1(m, q)l = 0 for all l > 0, since this is implied by the fact that g and q
are the Tanaka prolongations of (m, g0) and (m, q0), respectively.
The space of 2-cochains of homogeneity one
(Λ2m∗ ⊗ g)1 = Λ2g∗−1 ⊗ g−1 ⊕ g∗−2 ⊗ g−1 ⊗ g−2 (6.1)
is a completely reducible g0 ∼= gl(2,R) representation isomorphic, as a representation of the semisimple part
g0
ss, to
ker(∂˜)︷ ︸︸ ︷⊙
5
R
2 ⊕
⊙
3
R
2 ⊕
⊙
3
R
2 ⊕ R2︸ ︷︷ ︸
Im(∂˜)
⊕
⊙
7
R
2⊕
⊙
3
R
2 . (6.2)
Hence
H2(m, g)1 ∼=
⊙
7
R
2.
This fact can also be derived using Kostant’s theorem (see [38, 13]).
Next, it is visible from the decomposition (6.1) that the inclusion q →֒ g induces an identification
(Λ2m∗ ⊗ q)1 = (Λ2m∗ ⊗ g)1. Likewise (Λ3m∗ ⊗ q)1 = (Λ3m∗ ⊗ g)1, and thus ker(∂) = ker(∂˜) ⊂ (Λ2m∗ ⊗ g)1.
We can see from (6.2) that Im(∂˜) has dimension 16, and that it has an invariant complement isomorphic to⊙
7
R
2 in ker(∂˜). The image of ∂ : (m∗ ⊗ q)1 → (Λ2m∗ ⊗ q)1 is a q0-submodule Im(∂) ⊂ Im(∂˜) of dimension
dim((m∗ ⊗ q)1) − dim(q1) = 15, where (m∗ ⊗ q)1 = q∗−1 ⊗ q0 ⊕ q∗−2 ⊗ q−1, and hence of codimension 1 in
Im(∂˜). In particular,
H2(m, q)1 ∼= H2(m, g)1 ⊕ R ∼=
⊙
7
R
2 ⊕ R.
On the other hand, we have the following:
Proposition 25. There is no q0-invariant subspace complementary to the image of
∂ : (m∗ ⊗ q)1 → (Λ2m∗ ⊗ q)1 .
In particular, there exists no normalization condition in the sense of Definition 11 for Cartan geometries of
type (q, Q0).
Proof. Suppose such a q0-invariant complement W exists, i.e., we have a q0-invariant decomposition
W⊕ Im(∂) = (Λ2m∗ ⊗ q)1.
To simplify the discussion, recall that Im(∂) is a codimension one subspace of Im(∂˜), and consider U :=
W ∩ Im(∂˜); this is now a 1-dimensional q0-subrepresentation of the g0-representation Im(∂˜) such that
U⊕ Im(∂) = Im(∂˜).
Now let U˜ be the irreducible g0-subrepresentation of Im(∂˜) generated by U. The dimension of U˜ is > 1,
since (6.2) shows that there is no 1-dimensional g0-subrepresentation in Im(∂˜). In particular, U˜ has non-zero
intersection with Im(∂). So we now have a non-trivial q0-invariant decomposition
U⊕ (U˜ ∩ Im(∂˜)) = U˜,
where U˜ is now a finite-dimensional irreducible g0-representation. But this is impossible.
Proposition 25 also shows that there exists no Lie group Q0 with Lie algebra q0 such that Morimoto’s
“Condition C” (see [23, Definition 3.10.1]) is satisfied.
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7 Appendix
For explicit computations we use the following basis of the Lie algebra g of G2. Consider the 7× 7 matrices
A =


0 4
3
α2
4
3
α0
4
9
α1 − α3 −
4
9
α1 − α3 −
4
3
α0 0
−
4
3
α2 0 2α3 0 0 −2α3 −
4
3
α2
−
4
3
α0 −2α3 0 −
2
3
α2 +
3
2
α4
2
3
α2 +
3
2
α4 0 −
4
3
α0
−
4
9
α1 + α3 0
2
3
α2 −
3
2
α4 0 0 −
2
3
α2 +
3
2
α4 −
4
9
α1 + α3
−
4
9
α1 − α3 0
2
3
α2 +
3
2
α4 0 0 −
2
3
α2 −
3
2
α4 −
4
9
α1 − α3
−
4
3
α0 −2α3 0 −
2
3
α2 +
3
2
α4
2
3
α2 +
3
2
α4 0 −
4
3
α0
0 − 4
3
α2 −
4
3
α0 −
4
9
α1 + α3
4
9
α1 + α3
4
3
α0 0

,
B =


0 0 3
4
β2 −
1
3
β3 0 0 −
3
4
β2 −
1
3
β3 3β1 + β4
0 0 0 3
2
β2 −
2
3
β3
3
2
β2 +
2
3
β3 0 0
−
3
4
β2 +
1
3
β3 0 0 0 0 −3β1 + β4
3
4
β2 +
1
3
β3
0 − 3
2
β2 +
2
3
β3 0 0 −2β4 0 0
0 3
2
β2 +
2
3
β3 0 −2β4 0 0 0
−
3
4
β2 −
1
3
β3 0 −3β1 + β4 0 0 0
3
4
β2 −
1
3
β3
3β1 + β4 0
3
4
β2 +
1
3
β3 0 0 −
3
4
β2 +
1
3
β3 0

,
C =


0 − 3
2
γ3 −
9
8
γ0 −
1
2
γ2 +
27
8
γ4
1
2
γ2 +
27
8
γ4 −
9
8
γ0 0
3
2
γ3 0 γ2 0 0 γ2 −
3
2
γ3
9
8
γ0 −γ2 0 −γ1 +
3
4
γ3 γ1 +
3
4
γ3 0 −
9
8
γ0
1
2
γ2 −
27
8
γ4 0 γ1 −
3
4
γ3 0 0 γ1 −
3
4
γ3 −
1
2
γ2 +
27
8
γ4
1
2
γ2 +
27
8
γ4 0 γ1 +
3
4
γ3 0 0 γ1 +
3
4
γ3 −
1
2
γ2 −
27
8
γ4
−
9
8
γ0 γ2 0 γ1 −
3
4
γ3 −γ1 −
3
4
γ3 0
9
8
γ0
0 − 3
2
γ3 −
9
8
γ0 −
1
2
γ2 +
27
8
γ4
1
2
γ2 +
27
8
γ4 −
9
8
γ0 0

,
where α0, α1, α2, α3, α4, β1, β2, β3, β4, γ0, γ1, γ2, γ3, γ4 are real constants. Then
E0 =
dA
dα0
, Ei =
dA
dαi
, E4+I =
dB
dβI
, E8+i =
dC
dγi
, E13 =
dC
dγ0
, (7.1)
where i = 1, 2, 3, 4, and I = 1, 2, 3, 4, define (as one can verify) a basis for g2. The basis is adapted to the
contact grading of g = g2 in the sense that E0 is contained in the grading component g−2, E1, E2, E3, E4
are contained in g−1, E5, E6, E7, E8 are contained in g0, E9, E10, E11, E12 in g1, and E13 in g2.
Writing the Maurer-Cartan form ΩG2 as ΩG2 = θ
iEi, where the θi are now left-invariant R-valued 1-forms,
the Maurer-Cartan equations for G2 are of the following form:
dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 = 6θ0 ∧ θ9 − 3θ1 ∧ θ5 − 3θ1 ∧ θ8 + 3θ2 ∧ θ7
dθ2 = 2θ0 ∧ θ10 + θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8 + 2θ3 ∧ θ7
dθ3 = 2θ0 ∧ θ11 + 2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8 + θ4 ∧ θ7
dθ4 = 6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8
dθ5 = 2θ0 ∧ θ13 − θ1 ∧ θ12 + θ2 ∧ θ11 − θ3 ∧ θ10 + θ4 ∧ θ9
dθ6 = 6θ2 ∧ θ12 − 4θ3 ∧ θ11 + 2θ4 ∧ θ10 + 2θ6 ∧ θ8
dθ7 = −2θ1 ∧ θ11 + 4θ2 ∧ θ10 − 6θ3 ∧ θ9 − 2θ7 ∧ θ8
dθ8 = −3θ1 ∧ θ12 + θ2 ∧ θ11 + θ3 ∧ θ10 − 3θ4 ∧ θ9 − θ6 ∧ θ7
dθ9 = −θ1 ∧ θ13 − 3θ5 ∧ θ9 − θ7 ∧ θ10 + 3θ8 ∧ θ9
dθ10 = −3θ2 ∧ θ13 − 3θ5 ∧ θ10 − 3θ6 ∧ θ9 − 2θ7 ∧ θ11 + θ8 ∧ θ10
dθ11 = −3θ3 ∧ θ13 − 3θ5 ∧ θ11 − 2θ6 ∧ θ10 − 3θ7 ∧ θ12 − θ8 ∧ θ11
dθ12 = −θ4 ∧ θ13 − 3θ5 ∧ θ12 − θ6 ∧ θ11 − 3θ8 ∧ θ12
dθ13 = −6θ5 ∧ θ13 − 6θ9 ∧ θ12 + 2θ10 ∧ θ11.
(7.2)
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The nine generators (E0, E1, E2, E3, E4, E5, E6, E8, E12) marked by black dots below are a basis for a
subalgebra q ∼= p1 having minimal intersection with p2 = g0 ⊕ g1 ⊕ g2.
E13
E11E10E9
E7
E12
E8
E4E3E2E1
E5 E6
E0
The kernel of the forms θ7, θ9, θ10, θ11, θ13 is an integrable distribution. On each leaf of the foliation defined
by this distribution the forms θ7, θ9, θ10, θ11, θ13 vanish and the system (7.2) reduces to the Maurer-Cartan
equations for Q ∼= P1:
dθ0 = −6θ0 ∧ θ5 + θ1 ∧ θ4 − 3θ2 ∧ θ3
dθ1 = −3θ1 ∧ θ5 − 3θ1 ∧ θ8
dθ2 = θ1 ∧ θ6 − 3θ2 ∧ θ5 − θ2 ∧ θ8
dθ3 = 2θ2 ∧ θ6 − 3θ3 ∧ θ5 + θ3 ∧ θ8
dθ4 = 6θ0 ∧ θ12 + 3θ3 ∧ θ6 − 3θ4 ∧ θ5 + 3θ4 ∧ θ8
dθ5 = −θ1 ∧ θ12
dθ6 = 6θ2 ∧ θ12 + 2θ6 ∧ θ8
dθ8 = −3θ1 ∧ θ12
dθ12 = −3θ5 ∧ θ12 − 3θ8 ∧ θ12
(7.3)
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